REGISTERED No. M. 3121. 
Physics Library 


PROCEEDINGS 


OF THE 


INDIAN ACADEMY 
SCIENCES 


SECTION A 


JANUARY, 1937 


Price Rs. 2 or 3 Sh. Annual Subscription Rs. 18 


VOL. V] [No. 1 
. 
PCADEMY 
Ys 
k 
-\ 


PRINTED AT TITE BANGALORE PRESS, BANGALORE CITY, BY..G. SRINIVASA RAQ, 


SUPERINTENDENT, AND PUBLISHED BY THE INDIAN ACADEMY OF. SCIENCES, 
HEBRAL, BANGALORE. 


: 
- 4 
a 
4 
i 
| 
: 
fy 
3 
2 
* 
we ; > > 


ON WARING’S PROBLEM FOR CUBES. 


By INDER CHOWIA. 


(Research Scholar, University, Lahore). 


Received November 12, 1936. 
(Communicated by Dr. S. Chowla.) 


§7. Introduction. 


THE object of this paper is to prove that almost all numbers are expressible 


as a sum of four non-negative cubes (of integers) provided the following 
hypothesis is true: 


x 
for any positive «. Here r3(N) denotes the number of ways in which N is 
a sum of 3 non-negative cubes. The same result was proved by Hardy and 
Littlewood on the assumption of the hypothesis 
r,(N) = O (N¢) 
for any « > 0. Mahler has recently proved that this hypothesis is false. In 
fact Mahler! proved that | 

[f (x) = 2 {g (x)} means that there exists an absolute positive constant ¢ such 


that 


| > c for infinitely many integer values of x.] 


Let us denote the following hypotheses by the capital letters used before 
them : 


(A): Almost all numbers are sums of four cubes of integers > 0. 


(B) : r,(N) = 0 (NP 

for any positive e. 

(H) : E (N) 
N=l 


for any positive e. 
Then our result takes the form 
THEOREM I. (H) —-— (A). 


1 Jour. London Math. Soc., 1936, 11, 136-138. 
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Since, assuming (B) we obtain 


r2(N) < Max (N) 37, (N) 
N=1 1 


= O £) x O(x) =O (x87 §) 
it follcws that 
(B) —— (H) 
[ (A) — (B) is used to denote that the relation (A) implies (B). The symbol 
is not commutative, for it does not follow that (B) — (A).] 


From this relation and Theorem I it follows that 
THEOREM II. (B) —-> (A). 
We can also express this result by saying that at least one of the hypo- 
theses (A) and (B) is true, or thus : 
THEOREM III. At least one of the following results [(a) and (b)] ts true: 
(a) Almost all numbers are sums of four cubes of integers > 0 
(6) (N) = Q (NPWS) 
for every positive e. 
In conclusion we observe that although (H) is an unproved result, it is 
trivial that 
(N) < Max 
1 


rs(N). 2 75 (N) 


x 


for any «> 0. 


We use Gelbeke’s method to prove our results. 


§2. 
ry, (n) is equal to the number of solutions of 
n=hi+hi +.... h; > 90 
k=3,K=2%7!— 


Notation. 


— 
p=e = 1, 


3 
So= 


A (q, 9) = (Sp)* p>? 


p 
A 
Sj, A) = A (q, j) 


} 
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f(x) = x 


a=, =} 


j! 


7 


(x) = (1 + a) 


Sp 
q j} Ga 


Wo (x) = Yo (x) + 40 (x) = +a) =) 
We write hypothesis (H) in the following form 


a 


(n) = 0 (x8 -&) 


a=1 


where e, is a fixed (but arbitrary) positive number. 


S=3 


e's are arbitrary positive numbers. 


C’s are arbitrary positive numbers depending at most on e. ¢, and ¢, are 
fixed (but arbitrary) positive numbers such that e, > 3¢e,. 


§3. Farey-Dissection. 
Z 
- 

On the circle |x|=1 we mark off the points p =e ‘9 , which cor- 
respond to the Farey fractions with denominators < n!-¢, and we divide 
the circle into arcs by the mediants between neighbouring fractions. It is 
known that the are which contains the point p, stretches on either side of 

9 
this point by something not more than ——"_ and not less than —7_ . 
qni-¢ 
The arcs which correspond to ni ~ & <q< nt are called m-arcs (minor 


arcs) and those which correspond to 1 <q < n® ~ € are called M-ares (major 
ares). The M-ares are subdivided in the following manner. The part 


of the M-are which does not stretch for more than Pnt=0a on each side of 


p will be denoted by M,, the rest of the M-are (always existent) is called an 
M,-are. 


long as < n* 
Ga a 


A=0 
r 
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$4. Well-Known Lemmas 


THEORFM 1.2 Let |y| 4 and a, >a, >.... 
Then 
| | < 
7=0 
THEOREM 2.3 


J | = 


THEOREM 3.4 For B > a and integral j 
| < y (B) 
where y (B) depends only on B, not on 7. 
THEOREM 4.5 For m> 0, r an integer, 
rtm k K m* 
= p® | < Cqeme (m +— +qm ) 
h=rt+l q 
THEOREM 5.2 |Sp| < 
‘THEOREM 6. On the whole circle |x| = 1 we have 


Pit +a) +a 


j=l 


Proof: 


Applyirg Theorems 3 and 5 we get 


< {ra ta y (a 


< Cnt 
THEOREM 7. Let 


2 E. Landau, Vorlesungen tiber Zahlentheorie 1, satz 140 with R(w) = z= e27ty, 
3 Ibid., satz 223. ei 

4 [bid., satz 277. 

5 [bid., satz 267. 


6 [bid., Band 1, satz 315. 


N 
q-\|2 
x |a;| 
Sp 
fp (x) = 
| 
| 


Then 


Proof : 


In 
Proof : 


for 


/ 


C—M, 


dp (x) < Cr 


|welx)| < 
Applying Theorems 1, 3 and 5 we have 
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q 


THEOREM 8. Let 


= |y| < 4, 


Dik 


| bole) | < | Wolx)| + | | 


< 3 


THEOREM 9. 


c— 
the integral © denotes the circle |x| =1. 


q 1 1 


g? < and < 


as long as q < 


j=nt+l J 
-4 a(a+1)--+-(a+n) 1 
<Q (nt+1)! sin 
_4_ 
n+l mn! sin 7 |v | 
< Cg 
From Theorem 5 it follows. that 


Then 
Proof : 
For|y|< * the result follows from Theorem 6. 
For |y| > : the result follows from Theorem 7 
for 


1 


<= —- < 
2n ~ 2q9 n1-Ga 
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§6. Lemmas for the m-Arcs. 
THEOREM 10. On m, 


| flx) | < 
Proof : 


Put = p* forj >0, =0 
h=0 


4 

n* 
*) 
fe) = ¢ 


(where c; =1if 7 =y* and = 0) 


fun - 0} GY 
= GY (GY 


i 


Now 


whence 


(as length of the chord). By Theorem 4, 


| 4(j) |4 < {fn + nite, + n} < Cnite te 
and therefore 


. t+A+e 
< Cn 
Hence 


< 1) cnt * 
THEOREM 11. If Hvpothesis (H) 
zf | f*(x) |? |dx| < Cyd 8a 
mm 
Proof : 


f | f(x) |dx| < Max | f(x | |? dy 


\ 
| 
| | | 
Then 
n ; 
= 2 Cc; p/ (*) | 
P| ~ 
x | 2a 
p| qni-a 
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where Max |f (x) | denotes the maximum value of | f(x) | on m. 


where 0 R(j) < 79 (7) 
so that 2 we have 


7 => 
using our Hy (H) as in §2; 
and finally, using Theorem 10, 
\ f(x) < ate Cn * (8€1-€2) +€ 


mm 


§7. Lemmas for the M,-Arcs. 


THEOREM 12, If 


Dik 


= <} 


Then 


| f(x) — | < Cg? * © Max (nj y|, 1) 


7=1 


Proof : 


= + + [w(1) — u(0)] + + [u(n) —u(n— 1)] 


(where u(j) = forj > 0 and u(0) = 1) 


=(1-2)"2 » + om (2) 


Sp Ml+a+j) 
q 
i(7) can be divided into E - | parts each equal to Sp, plus at most 


where vj) = <n) 


‘ 
32 
3 
f(x) = Rj) 
7 =0 


8 


Inder Chowla 


(i7i + I - G | q < q further terms. Hence by Theorem 4, 


< (m3) < <m<q 


whence 
] 8 
| 
Further by Theorem 3, 
‘PU+a+ 


so that 


Thus we obtain 


| 47) — v(9)| 


and hence 


< C(m|y| +1) < Max (n |y|, 1) 
THEOREM 13. 


| f(x) — | dx] < + 


Proof : 
Put f(*) — p(x) = Vp (x) 
Then 
— Pot(x) = | [Ve(x) + Yo(x)]* — 
= | Vo(x) |? | + 4Vp°(x) + + 4 |? 
< C | Vo(x) + | Vo(x) |? 
where 


\Vp(x) | < Cg? Max ("| y|, 1) by Theorem 12. 


| 4a 2 +€ 
t(j) |= | Sp| < Cy 
since 
m 3 m 
| £2 le gifme 
k=1 
and 
| om 3 
J: 
= 
q 
q q 
+ 
< Cg 
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J — | | ax | 
M, 
< C f|Volx) + | Velx) |? | polx) | dx | 
1 
n "6a 


299 n 

< Cg*te + Cn8 dy 
1 


g? ni" 9a 


1 
1 


6- 99 
‘ence, 
\ — de | 
Mi My 


4 ta + 


$-0e, +e 


§8. Lemmas for the M,-Arcs. 


THEOREM 14. Let 
= amy, |y| 
Then on an M--are, 


| < Cuts * 


Qari + 


Proof : 


q\y| 


1 


since 


\ 
Hence 
©. 
n 
‘ 
‘ 
2 2 
q 
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By the theory of Farey fractions there exist three numbers J,, qi V1 
satisfying the following conditions : 


since 


Here n?~" < n® is impossible, for then, 


"41 2q 


lyi| < 


so that x would belong toan m-are. Let, now,” > 8. Then 1 < 
is impossible, for if not we would have 


n* 


But this implies 
lq, lq = 0, q=4, l a= 

and therefore 


contradicting our hypothesis. 


q 29, 
Hence > ni, 
A 


Putting py = %t we obtain by Theorem 4, 


< Cutt * € 


ly 
5% 5 =1 
1 | 29, qv 
q 
and 
| 
. 
= | oo | 
h=0 
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4 


$ 
pit Cg ,€n€ (1 
h=0 q1 


Cg, €n€ -qynt since g, > 


+ 
and hence 


| < Cnt *€ ( 2 € 


q\y| 


Ax) = (=) + (2) 


P1 


But 


where 


< Cntst€ ly 
Thus the theorem is proved for » > 8. 
For n< 8 it is trivial. 


THEOREM 15. 
M2 Mg 


Proof : 


Mo 


299 


Cnt + 0€ + 8€) —9)(1 + se) 


Me Me 


89. Lemmas for the Whole Circle. 
THEOREM 16. 


J - 
qs 
[In other words the left side divided by ns tends to zero.] 


= 0 (n’3) 


since 
= 
Iv dy 
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f — |? | dex | 


g=l1 


no 
=2f\ fx) - |dx| 4+ — | dx | 


mim I= Mz Me q=1 
+E f \ fae) — — | dx | 

Mi Mi 

nv av $2 


n 
( De here denotes > minus that term of the sum 2 dp#(x) which cor- 
g=l 


responds to the arc M,). 


We now apply the theorem 


jul 


.|2 -|2 


which follows from 


and obtain (using |a < +2] 


mm 


|dx| +2 2 | |dx| 


+28 fiz +22 f | — 


Me Me Mi 


az | dx |. 


M, M; 


From Theorems 11, it 13 the first, third and fifth expressions are together 
less than 


€ —€,0+16€ 
Cn (n +n ) 


The sum . the second, fourth and sixth — is equal to 


22 |dx| +22 SVE bp'(x) | dx | 


mom g=1 Mg Me 


M,’ My’ 


+22 | — (x) |? | dx | 


12 
Proof : 
| +} 
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[Here M,’ denotes those arcs M, which correspond to g < 54 and M,” 
denotes the remaining arcs. In the fourth expression the function yp (x) 
which corresponds to M," is written separately. This term is not contained in 


M2 Mz g=l1 


My’ Mi’ “My” 
x) |? | dx | 
< 4 | | de | 
mmgq=l 
Me Me g=1 
nd* 
+ | votes) | +4 = i | P| dx 
My’ Mi g=1 


M,” M,” 


M,’ C— My 
From Theorem 9 follows 


My’ C- My 


From Theorem 8 follows 
8 

\ [dx | < fay yt a 
My 

nv? 


< 30° 


4 
5 6, dba + 59 
- la+2 
< = q 
< 
Isn 
2 
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Hence, 


f J 


The right side is 0 (n3) because all the exponents of in the four terms 
occurring in the brackets are negative since we choose e, and e, (arbitrarily 
small and positive) in such a way that e, > 3e¢,, and e¢ is arbitrarily small. 
THEOREM 17. If 


(1) E = ) 
then 


for almost all n. 
Proof: We first show that 

(C): the set of ’s for which 

g (n) 0 (nb) 

has zero density. 

For if the set of n’s for which 

(D): |g(n)| > cnt (c > 0) 
has positive density A, then (D) is true for the p values of n < x, 

+, 


lim 2 >a 
x 


n=l 


> of +... + p8) ~ 


3c? 3c (A 
which contradicts (1). 


This proves (C). Hence the set of n’s for which 


(2) g(n) = 0 (nd) 


has density 1, ¢.e., (2) is true for almost all . 


4 
g(n) = O(n 
| 


On Waring’s Problem for Cubes 15 


The Concluding Argument. 
THEOREM 18. Put 
+9) 
= rj) — Pt) $5, ni 
Then 


E = 08) 


Proof: We have 
alatl) «++ (at+j—V (x Sp 


j= 


bp(x) = {= a(a+1)- (a+j—1) 


Wola) = Pole) + dole) = 18) 


(3) {Wo(x)}* = (1 $ 


Now the terms upto x” in yp! (x) must be the same as the terms upto x” in 
{Wp (x)}* 


Hence from (3) 


S — 1) x 7 

+ other terms upto x”. 


j=1 
+ terms upto 
Again 


so that 
(5) f(x) = 1+ + terms upto at most. 


7=1 
From (4) and (5) we get 
§¢ 


fx) — 
g=1 


§¢ 


7=1 | 


+terms inv” 
where Cy is independent of x. 


\ 


Hence 
ut 
As 
f(*) = 2 «x 
h=0 


3 
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Change x into 2”, Then 
Ir) 
= 4 


+ terms in e?”9/ where 7 goes from » + 1 upto 4n 


= Cy + e™Y g(j) + terms in (n +1 <j < 4n) 
j= = 
where is of y. 
Hence from Theorem 2 it follows that 
4 a” 
I= 


(6) > | o(3) 


But by Theorem 16 the left side of (6 (6 “a O(n? ). Hence so is the right side of (6). 


Since 


E = o(n?) 
7=1 
it follows by Theorem 17 that 
a (j) = 0 


for almost all 7. Hence 


— I°(4) S(j, 8) 
(7) == (78) for almost all 7. 
Now 
> 0 for = fer xt dx > 
and 
~ (by Theorem 3) 
also 
S(j, nda) 2 A(q, j) 
I= 
= 2 A@j)- Ag, 
q>n 
(3) =cj)- Aq, j) 


‘ 
6 
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where c (j) is greater than a certain absolute positive constant c (Lemma 2 
of P.N. VI). Again (by Lemma 5 of P. N. VI) 
g>m 
where f is an absolute positive constant and d(n) denotes the number of 
divisors of n. 


From (9) 
O(ne 
q 
as —> co 

since ) < 

From (8) and (10) 

(11) S(j, > aS -> 

Irom (7) and (11) 

(12) > Dj 


for almost all 7, where D is an absolute positive constant. Hence our result. 


A2 
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RAMAN SPECTRUM OF BENZENE VAPOUR. 


By S. BHAGAVANTAM 
AND 
A. VEERABHADRA RAO. 


(From the Department of Physics, Andhra University, Waltair.) 
Received December 23, 1936. 


THE distribution of intensity within the wing accompanying the Rayleigh 
lines in liquids in general and benzene in particular has beeen investigated 
by Gerlach (1929), Weiler (1931), Ranganadham (1932), Bhagavantam and 
Veerabhadra Rao (1934), Bhagavantam (1935), Rousset (1935) and others. 
All these authors have expressed the view that the experimentally observed 
distribution of intensity is very different from that which is to be expected 
if the usual laws which are strictly applicable only to gases are also applicable 
to liquids. The chief point of difference lies in the fact that while the wings 
accompanying the Rayleigh lincs in gases show a maximum of intensity 
which is well separated from the central peak, no such phenomenon has 
been noticed in liquids. The maximum appears to merge into the central 
peak. Contrary to the findings of the above authors, Sirkar and Maiti 
(1935) have reported that the wing in liquid benzene also shows a maximum 
of intensity separated from the centre to the expected extent. The process 
adopted by these authors for obtaining the results is somewhat indirect and 
involves a subtraction of the effects due to the broadening of the centre 
itself from the observed intensities. Repeated efforts to reproduce their 
results using instruments of higher dispersion where such a doubtful procedure 
is altogether eliminated (Bhagavantam, 1935) have not proved successful. 
In this paper a direct demonstration of the essential difference between the 
wings in liquid benzene and the wings in benzene vapour is furnished. A 
high dispersion instrument is used to photograph the liquid wings alongside 
the vapour wings under identical conditions. Microphotometric records 
(Fig. 2) as well as visual observation of the plates clearly show that a parti- 
cular dispersion of the instrument, conditions of observation, intensity of 
exposure, etc., which are carefully selected to show up the maximum of 
intensity very distinctly separated from the centre in the vapour state, do 
not show any such thing in the liquid. On the other hand, the distribution 
of intensity in the liquid is wholly different from that observed in the vapour 
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inasmuch as there is a greater concentration towards the centre. The 
present investigation has been taken up with a view to clear up this and other 
related features which will be discussed in detail in the following sections. 


Much interest also attaches to the structure of benzene and a series of 
important papers by Angus and others (1936) dealing with this subject have 
recently appeared in the Journal of the Chemical Society. Comparison of 
Raman, infra-red and emission spectra of benzene with those of deutero- 
benzenes is one of the main themes of the above papers. In this connection, 
a detailed knowledge of the Raman spectrum of benzene vapour appears to 
be very desirable. The present paper is also an attempt in this direction. 

2. Experimental Arrangements. 

A small quantity of benzene is contained in a thick wall pyrex glass tube 
which is sealed up after exhaustion. The tube is maintained at a temperature 
of about 180°C. by means of a suitably constructed electric furnace during 
the exposure. Under these conditions, benzene vapour is in equilibrium 
with its own liquid at a pressure of about 15 atmospheres. ‘The rest of the 
arrangements are similar to those that are ordinarily employed for the study 
of Raman spectra. Condenser method of illumination is used and a 2-prism 
glass spectrograph employed for the photographing of the Raman spectra. 
The Raman spectrum of the vapour is recorded through a Hartmann 
diaphragm. The vapour tube is removed and a liquid tube inserted and the 
time of exposure reduced correspondingly so as to get pictures of compa- 
rable intensity and the spectrum of the liquid is recorded on either side of 
the vapour picture under identical conditions of slit width, illumination, etc. 

A Moll microphotometer has been used to obtain photometric records 
of the rotation wings accompanying the Rayleigh lines. 

3. Results. 

The following are the main features noticed in the present investiga- 
tion. Items 1 to 4 relate to the vibration lines and items 5 to’7 relate to 
the rotational wings. 

1. The principal Raman line 992 shows no shift as we pass from liquid 
to vapour (see Fig. 1). 

2. The Raman line at 600 shows no shift as we pass from liquid to 
vapour. 

3. ‘The Raman line at 3061 in the liquid shows a definite shift as we 
pass to the vapour state (see Fig. 1). In the latter case it has a value of 3069. 

4. The Raman line at 3047 has either completely disappeared or has 
been considerably weakened (see Fig. 1). Examination of the original nega- 
tives shows only a suspicious trace of this line in the vapour. 
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5. The rotation wings accompanying the Rayleigh lines in the liquid 
show no intensity maximum separated from the centre (Fig. 2a) whereas 
there is a distinct maximum in the case of the vapour lines which may be 
seen visually in the negatives as also in Fig. 1 and is reproduced in the micro- 
photometric records b and c of Fig. 2. In this connection it is important 
to note that the slit width of the spectrograph, the conditions of micro- 
photometring, etc., have been unaltered from the liquid to the vapour and 
yet the maximum shows up very clearly at the expected place in Fig. 26 
and c and not so in Fig. 2a. ‘The fact that the time of exposure is relatively 
large for the vapour is, if any, more unfavourable for the appearance of a 
separated maximum but it shows up in spite of it. Similarly the much 
smaller intensity of the wing in Fig. 2 a in comparison with that in Fig. 2c 
is more favourable for showing up the structure of the wing in Fig. 2 a but 
no such thing is noticed in it whereas the flattening is very clearly seen in 
Fig. 2c in spite of the unfavourable conditions. 


6. The distribution of intensity within the wing accompanying the 
Rayleigh lines in the liquid (Fig. 2 a) is altogether different from that obtained 
in the gas (Fig. 2 6 and c) in that there is a greater concentration of intensity 
towards the centre in the former case. 


7. A new feature which is of very great significance and which has 
hitherto not been noticed at all is the considerable weakening of the absolute 
intensity of the wing as we pass from the vapour to the liquid. On comparing 
Fig. 1b with Fig. lc, it is easily seen that in the liquid picture, while the 
992 Raman line is slightly stronger than that recorded in the gas picture, 
the wing accompanying the Rayleigh lines is several times weaker. ‘This 
is best realised on comparing the wings accompanying the 4077 mercury 
lines. 


4. Discussion of Results. 


In this connection, we have to refer to the earlier work of Sirkar (1936) 
on the Raman spectrum of benzene vapour. He has noticed that the line 
at 3047 broadens and becomes very weak in the vapour. This is in accord- 
ance with our observations. The disappearance or the considerable weaken- 
ing of the line at 3047 in the vapour is, in our opinion, very significant and 
cannot easily be reconciled with the view expressed by Angus, Bailey and 
others (1936) that it is a fundamental of the benzene molecule. Our results 
are however at variance with those reported by Sirkar in one important 
respect. He observed that the line 3064 remains unshifted from the liquid 
to. the vapour whereas our pictures reproduced in Fig. 1 clearly show the 
shift. 
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The other notable features of our investigation relate to the rotation 
wings. Fig. 2a demonstrates clearly the absence of a separated maximum 
of intensity in the wings accompanying the Rayleigh lines in liquid benzene 
while it is easily recorded under identical circumstances in the vapour 
(Fig. 2b and c). This result, which in our opinion is now definitely estab- 
lished, does not involve any particular and detailed process of arriving at 
the intensity distribution and is therefore free from errors that are likely to 
arise in the methods adopted by Sirkar and Maiti (1935). The pictures also 
show clearly a greater concentration of intensity in the case of the liquid 
at the centre. 


The fall in the absolute intensity of the wing noted under item 7 of the 
section on results, which occurs as we pass from the vapour to the liquid, 
is very significant. In the case of these wings, there is little doubt that we 
are dealing with incoherent radiation as in the case of the vibration Raman 
lines and the passage from the vapour to the liquid state should affect 
equally the intensities of these two types of scattered radiations and the 
effect should merely consist in an apparent increase of the intensity caused 
by the increase in the density of the medium. The coherent or the polarised 
part of the Rayleigh scattering is however subject to a slightly more compli- 
cated law of variation as in this case we have to consider interference effects 
due to close packing in the liquid. Under these circumstances, one would 
expect that the intensity of the rotation wings or more correctly the de- 
polarised part of the Rayleigh scattering will bear a definite relationship to 
that of the vibration Raman live and that this relationship will not depend 
upon the state of the medium provided the optical anisotropy of the molecule 
is independent of the state of the medium. The fact that this expectation 
breaks down to a large degree is a very surprising and entirely new result. 
The observed facts noted under item 7 of the section on results must mean 
either that the effective optical anisotropy of the benzene molécules in the 
liquid state is several times smaller than the corresponding property of the 
vapour molecules or that the molecules in the liquid are not free to rotate. 
The first alternative is not in agreement with the conclusions drawn from 
other branches of light scattering. The second alternative implies no dimi- 
nution in the total intensity of the incoherent scattering but only means a 
redistribution between the centre and the wings. If the molecules do not 
rotate or rotate only partially, the Q branch must gain in intensity at the 
expense of the P and R branches, the total intensity of the P, Q and R 
branches which constitute the total incoherent scattering remaining un- 
altered. ‘This would mean that in liquid benzene, we should not get the full 
quota of intensity for the rotation wings as would be expected if the gas 
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laws were applicable. ‘This conclusion is not in agreement with the results 
of Rousset (1935) who claims to have shown by the method of wide and narrow 
slits that the total intensity of the P and R branches in liquid benzene is 
three-fourths the total incoherent scattering. We are investigating liquid 
benzene and other liquids at different temperatures with a view to throw 
further light on this problem. 


5. Summary. 


The Raman spectra of benzene in the liquid and vapour states have 
been photographed alongside each other under identical conditions of slit 
width and illumination. While the 600 and 992 Raman lines show no shift, 
the line at 3061 shifts to 3069 as we pass from the liquid to the vapour. The 
Raman line at 3047 observed in the liquid has either completely disappeared 
or considerably weakened in the vapour. The rotation wings accompanying 
the Rayleigh lines in the liquid show no intensity maximum separated from 
the centre whereas there is a distinct maximum in the case of the vapour. 
This result is demonstrated with the help of microphotometric records. ‘The 
distribution of intensity within the wings in the case of the liquid is very 
different from that obtained in the case of the vapour. When judged by 
comparing with the 992 Raman line, a very considerable fall in the absolute 
intensity of the wings is noticed as we pass from the vapour to the liquid. 
The significance of this result is discussed. 
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Raman spectrum of benzene vapour. 


FIG. 1. 


a and c: Raman spectra of liquid benzene ; b: 
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ON THE FLEXURE OF A HOLLOW SHAFT-—II. 


By B. R. SETH. 
(From the Department of Mathematics, Hindu College, Delhi.) 


Received November 12, 1936. 


In Part I! we have given the complete mathematical solution for the flexure 
of a hollow shaft with a cavity placed excentrically. Inthe present paper we 
propose to discuss the amount of twist produced in the asymmetrical case, the 
value of stress at different points of the section, and the lines of shearing 
stress. 

Our transformation 

=ctan4(é +n) 
gives 
c sin € c sinh » 
~ cos€+cosh yy 

the boundaries being given by y = a andy = f. 7 

In the following numerical calculation we assume c = 1, a = 2, B = 1, 
and o = }. 


The corresponding values of (x,y) and (&,7) are given in Table I for 
a few points of the section for future reference. 


TABLE I. 
n=1-5 

0 0 0 -4621 0 0 -6351 0 0 -7616 
} 0 -3142 0 -5223 0 -2311 0 -6960 0 -1582 0-8115 
} 0 -4239 0 -5752 0 -3036 0 -7465 0 -2031 0 -8509 
} 0 -6481 0 -7616 0 -4251 0 -9052 0 -2658 0 -9640 
0 -7962 1-0128 0 -4691 1 -0810 0 -2734 1 -0732 
0 -8458 1 -4055 0 -4298 1 -2942 0 -2314 1-1872 
§ 0 -7385 1-7359 0 -3364 1 -4326 0 -1726 1 -2523 
0 -6181 1-8979 0 -2679 1 -4906 0 -1348 1 -2778 

-1639 0 1-5750 0 1 -3130 


1 Seth, Proc. Ind. Acad. Sci., 1936, 4, 531-541. 
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The section is symmetrical about the axis of y, and we have only to 
change x into — x to get the corresponding values for the other half of the 
section. 


FIG. 1. 
1. Asymmetrical Flexure. 


In this case the shearing stresses xz and yz can be written as 


(1. 1) 


= (ur +oy BY) +2) + [- +0) 9], (1.2) 
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where 


+ e-"® coth a sinh n (B — (2. 1) 


+ coth a(n + coth a) sinh — |. (2. 2) 


From (1) we see that the amount of twist per unit length of the shaft 
about the axis of z through the origin 0 (see Fig. 1) is given by 


The equatuion to determine 7 is 


E —at) +408 F 


ne~*(% +B) 
W | 


sinh m (B — a) 


=y — at) — 


+.) (b coth 8 — a* coth a) 


sinh n (B — a) 
#(@ + B) 
[ec (coth a + coth B) + sinha (4) 


If we take c = 1, a = 2, B = 1, o =}, we get 
a =0-2757, b = 0-8509, = 1-3450, 


k? = 0-0761, I = }(0-5187) x, 
and 


= (0-215) 
(5. 1) 
Again, if we change the value of a from 2 . 4 we find 
pr = (0-027) | 
(5. 2) 


{ 


= (1-032) | 
pr 


To get a numerical idea of tr and T we put W = 10 tons, and 
# =8 x 10", Table II shews the corresponding values of 7 and T. 


25 
0 
,=2 coth B (m + cot inh {yn — 
B(m + h B) sinh (y — a) 
| 
) 
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TABLE II. 
Ww T 
No. " | b in tons in degrees in degrees 
1, 0 -2757 0 -8509 10 0-05 0-31 
; 
2° 0 -0998 0 +8509 10 0-01 0-26 
3 0 0 -8509 10 0 Q -25 
As was to be expected +r decreases as the radius a of the inner boundary 
decreases. In the limiting case when a = 0, 7 = 0 


Determination of Stress. 
To aie dQ/dx and d2/dy from (2. 1) we have the relations 


*Gi- 
+ 


dQ 
= (1 + cos € cosh n) a sin € sinh » = (6. 1) 


which give 


Cc — 
ox 
Cy = sin é sinh 7 Ya + (1 + cos € cosh n) - (6. 2) 
Similar expressions can be obtained for dy,/dx and dyp./dy 
On the boundary (2. 1) and (2. 2) become 
i cosh 1 
+ & (3 — coth 7), 
= (cos € + cosh 7)? 
and hence 
022 sin€coshy _ 
(cosé+cosh «y coth », (7. 1) 
_ 2 sin sinh » cosh 
g (cos€+coshy)® = 2 xy? coth 7. (7. 2) 
We also find 
1 
(7. 3) 


— 1)” 
cos né, 


+ (0-5186) 


n=1 


: 
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d2, 
(0-3807) 2 cos 
— (0- 6565) cos n€, (7. 4) 


co nu 
[1-1862 + 0-7914n | cos n& 


~[o- 5380 + 0- 51860 | cos n€, (7. 5) 


[02139 + 0-3807n] cos né 
n=1 


n 
[ 0.8621 + 0-6565n | cos né. (7. 6) 


n=1 
The value of the stress at any point of the boundary can be obtained 
with the help of equations (7). Table ITI gives the stress at some of these 


points. 
For points within the section we have calculated the results for y = 1-5. 
In this case the equations corresponding to (7) are 


co (— 
(0-2758) 2 
1N21°5 


sin n€ 
+1 


co n(— 1)*e-#* 
(0.2758) cosn 


— (1-3130) n (— 1)" cos n€, 
n=1 


with similar results for and d 
The values of xz and vz at some points of » = 1-5 are given in Table ITT. 


To verify that the type of formulz used in (7) give sufficiently accurate 
results we can substitute the value, of x2 and vz over 7 = 1, and » = 2 in 
the boundary condition 

xz cos (xv) + yz cos(yv) = 0. 


The results in Table III satisfy this relation between xz and yz. 
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Irom Table III we see that on any circle » = constant, the resultant 
shearing stress decreases from a maximum at § = 0 to a minimum at some 
point é = €,, between € =Oand € =z, and then increases to a maximum 
at € =7. Similar remarks hold good for the other half of the section. On 
the axis of symmetry it attains a maximum value (0-5670)W/I at a point 
on the inner boundary nearest the line of loading. 


It may be of some interest to compare the shearing stress due to the 
twisting of the beam about the axis through 0 with that due to bending. 


If S, W/I and S, W/I respectively denote their absclute values we get the 
following comparison table: 


TABLE IV. 


S; 8; 


1 | 0-162 | 0-198 0-154} 0-155 | 0-140| 0-118 0-132, 0-139 | 0-132 | 0-355 
15] 0-145 | 0-281 | 0-118} 0-190 | 0-096 | 0-096/ 0-061 | 0-202| 0-025 | 0-361 


2 | 0-152 | 0-411 | 0-130 | 0-337] 0-069 | 0-075 0-012 0-268 | 0-059 | 0-508 


The maximum value of S,; occurs at € = 0, 7 = 1, which is nearest the 
axis of twist, and that of S, occurs at € =, n = 2, which is nearest the 
line of loading. It may be remarked that in general we cannot obtain the 
value of S in Table III by algebraically adding S, and S,. 


Lines of Shearing Stress. 


The boundaries are obviously lines of shearing stress, since the differential 
equation 
dx _ dy 
is satisfied at all points on them. xz and yz vanish at the highest and lowest 
points H,, Hz, L,, Ie, of both the boundaries, and it is easily seen that all 
the lines of shearing stress pass through H, and I1,, touch 7 = 1 at these 
points, and cut the axis of y at right angles. An accurate determination 


of these lines involves very heavy arithmetic, and, as the values of xz and yz 
can be more easily obtained at any given point, no attempt at their accurate 
drawing has been made. From the results we have already obtained their 


general form may be seen to be that represented by the dotted line BH, EL, 
in Vig. 1. 


| |s | 8, 
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2. Symmetrical Flexure. 


In this case we find 


~ W , 

= Loe + + 9) — 2ony] 
~ W [ox 


where 


(lta) — 1) (coth — 9) x 


x cosech’8 cosh 1 (yn — a) — (e~”*— 1) (coth a— y) cosech*a cosh 2 (8 — n) | 


-“B (3 + y coth B — coth?8) x 


x cosh n — a) — + coth a — coth?a) cosh (B — 


coth B cosh (n — a) 


— e-"* coth a cosh n — 


co 2 
— (1 — 20) [e- “B coshn (n — a) 
n = 


— cosh n (B — n) (9) 
Over the boundaries we find 
- 6813) cos € cosh Sinh*y (3 sin? €—1—cos € cosh n) 
(cos € + cosh (cos € + cosh 


— [(1-6813) xy cot + 4 — cosec? 
— xy? cot cosec cosh (10. 1) 


-= (0-0116) [(0-3130) sin € + (0-4814) sin 2€— (0-6650) sin 3¢ 
+ (0-7498) sin 4 € — (0-8000) sin 5€ + 3 tan 3€} 


[0-o116 + 0-6314 — 0-1523 
i 
[0-0348 + 0-3543 — 0.2626 
a=] 


+ a5 — 3xy? coth 1 + 3xy), (10. 2) 
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= (0-0232) (— 1)” sin né 


— (0-0116) tan + (0-0116) 3 (— 1)" e~™ sin né 
n=1 


(—1) nsin né 


[0.2156 0-3178 n| 


sinné | 0.4929 0-2074 n] 
n=] 
+ 5 [k xy — 3xy? coth 2 + 3 xy’). (10. 3) 


Both (10. 2) and (10.3) do not hold good for € =a where 0dX,/dé 


vanishes. 


In Table V we have given the values of the shearing stress components 
for a few points of the boundary, and for a few points of y = 1-5. 


TABLE V. 
= xz IW, sy = yz IW, S = (x2? + 


f= 


$1 


0-153 


0-061 | 0-164 
0-150 


0-250 


0-141 
0-096 
0-115 


0-166 | 0-218 
0-296 


0-431 


— 0-026 0-239 


0-137 


0-080 
0-144 


0-280 


— 0-044 
— 0-161 


0-290 
0-248 


0-205 


0-415 


0-295 


Both at €=0 and =7, S vanishes over » = 1 and» =2. ‘The 
maximum stress occurs near the highest point of the inner boundary (n= 2), 
where its value is 0-451 W/I. 


Lines of Shearing Stress. 


The boundaries are again lines of shearing stress. These lines are sym- 
metrical about the y-axis. They all pass through the points A and F (see 


Fig. 1) where they touch the circle » = 1. Their general form is roughly 
shewn by the curve AKFM in Fig. 1. 
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A NOTE ON THE MIXED TENSOR T,’. 


By V. V. NARLIKAR. 
(From the Benares Hindu University.) 


Received September 9, 1936. 


THE object of this note is to prove two elementary but important properties 
ct Ty” which, as far as the author knows, have not been noticed by relativists. 
The theorems hold good for ” co-ordinates but, fer the sake of demonstration, 
it is sufficient to have three co-ordinates for exploring space and the fourth 
for marking time. 


The first theorem arises out of the question: when do the components 
of T,,” remain unchanged under a perfectly general Gaussian transformation 
of co-ordinates ? That is, in the usual notation, if 


Tp Ta? axB x’ (1) 
we have to find what must be the set of conditions fulfilled so that 
= (2) 


From (1) and (2) we get sixteen homogeneous linear equations. The de- 
terminant of these equations can be shown to vanish by virtue of the relations 


4 
ox 
Hence, the sixteen equations form a consistent set, and we have on solving 
them that 
= = TP = TS (4) 
Ty” = 0, (5) 


Thus, we obtain the theorem tkat the only tensor T,,” whose components 
are invariant under a Gaussian transformation is given by 

Ty” =Agp” = Ap”, (6) 
A being any arbitrary function. When T,,” represents the material energy 
tensor T,!, T,?, T,3 and T,* do not all have the same sign ; so the material 
energy tensor cannot be of the form (6) except for the trivial case A = 0. 
This last condition means absence of matter. The first theorem thus 


explains why isotropy in space-time is possible only in the absence of 
matter as in de Sitter’s universe. 
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For the investigation of spatial isotropy we may proceed by finding ~ 
the components of T,,” which remain unchanged when space co-ordinates 
are transformed into space co-ordinates and the time co-ordinates into another 
time co-ordinate. We have now 

if B, y = 1, 2, 3. Using (7) as supplementary to (3) we have from the homo- 
geneous equations for T,,” that 


= T,? = Ty” = 0, (8) 


Thus only the four principal components of Ty” may be non-zero of which 
the first three have to be equal. ‘The restrictions (7) are precisely those 
which characterize the isotropy of an instantaneous cross-section of a space- 
time field. This theorem giving the well-known conditions of spatial iso- 
tropy, viz., (8) from a set of homogeneous equations of transformation seems 
to be new, at least, in view of Dingle’s discussion of isotropy. 


When T,,” represents the material energy of a perfect fluid devoid of 
mass-motion, conditions (8) are fulfilled. In the general case, however, if 
there is preferential motion of matter relative to the observer the instan- 
taneous cross-section of space-time cannot be isotropic. Walker? has 
however given a generalised condition of a fluid in motion, called by him a 
generalised condition of isotropy. This condition really indicates how spatial 
isotropy is destroyed by the existence of motion and has therefore been 
excluded from the generality of (8). 


Summary. 


Two new theorems of relativistic interest regarding T,,” are given. 


' Dingle has discussed in the M.N. R.A. S., Dec. 1933, pp. 138-140, permissible, 
changes of co-ordinates so that the conditions (8) are preserved. This discussion clearly 
shows that our theorem which gives (8) from a set of equations is unknown to him. 

* In the Quarterly J. of Maths. (Oxford), June 1935, p. 81, A. G. Walker gives a 
generalised condition of isotropy for radial motion of a fluid. This condition has been 
explored by the author and Mr. Moghe in the WM. N.R.A.S., Jan. 1935 and the PAil. 
Mag., Dec. 1935. 

A3 


1, 
h 
ts 
1S 
3) 
ts 
ial 
0. 
us 
of 


ON THE DIFFERENTIAL EQUATION OF THE 
INSTABILITY OF A THIN LAYER OF FLUID 
HEATED FROM BELOW. 


By S. IL. MALURKAR 
AND 
M. P. SRIVASTAVA. 
(From the Upper Air Observatory, Agra.) 


Received November 2, 1936. 


THE problem of the stability of a thin layer of fluid heated from below has 
been considered by various authors. The late Lord Rayleigh! applied 
Boussinesq’s equations to explain Benard’s results. The conclusions were, 
however, restricted in scope as the equations were solved for a very special 
boundary case. Jeffreys? derived a sixth order differential equation of 
form 

(d?/dx* — = — day 
on whose solution the discussion of the problem could be based and_ he 
attempted to solve the equation by the method of finite differences. Later, 
in trying to improve the calculation, he found that the assumption of a sine 
series for y in terms of multiples of 7x did not allow the coefficients to be 
determined and he assigned the failure of the method to the divergence of 
the derivatives of y when obtained by differentiating more than twice the 
original series term by term. However, he solved the equations by assuming 
a sine series for d*y/dx*. Low* solved the same equation directly in terms 
of exponential functions. This was possible as the equation (in D) 

(D? — a?) -++ Aa? = 0 
can be factorised easily. The last method is restricted in scope by its very 
nature and the earlier method appears somewhat artificial. While attempting 
to solve more general equations of stability, it was found necessary to employ 
a general but direct method free from the above restrictions. The application 
of this method to the differential equation quoted above would be perhaps 
of sufficient interest to merit publication. 


1 Phil. Mag., 1916, 32, 529. 

2 [bid., 1926, 2, 833. 

3 Proc. Roy. Soc., 1928, 118, 195. 

4 [bid., 1929, 125, 180. 

5 This method and its application in general will be published shortly. 
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The equation may be slightly generalised and solved in the form 
(d2)/dx* — a®) (d?/dx? — (idx? c’)y = — (1) 


Let it be assumed that in the interval 0 < * <7 
co 
y = 2A, sin nx (2) 
1 
Then the equation may be written as 


(d2/dx? -. a®) (d?/dx® b?) (d?/da® — c?) y = — da? A,, sin nx (3) 
1 


The complete solution of this equation is 
y = B, cosh a (5 _ x) + Bi sinh a5 oo x) 
+ Cy cosh x) + C, sinh b G 


+ D, cosh x) + D, sinh x) 


A,, sin nx 
As 
cosh a x) sin ux dx = sin? 7/2 
7 2 7 n® + at 
0 

and 


9 2 
= sah (5 - ) sin na de = 


7 + @ 
0 
It follows from a oars of (2) and (4) that 


2 
cosh as + Cy cosh 3 + Do cosh 3) sin? 7/2 


+ 


2 
~— sinh as + C, sinh 5 + D, sinh 


= A, [1 — + a®) (nw? + (n? + c?)} (5) 

It is evident that A,,,,,; is dependent only on Bo, Cy and Dy while Az, 

is dependent only on B,,C, and D,. —y can be split up into two parts in one 
of which x can be replaced by (z-x) without changing its value; while in 
the other such a replacement changes the algebraic sign only. The two parts 
may he denoted by y, and y, and are called “even and odd”’ solutions 


i 
> 
a 
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if the boundary conditions are similar at x = O and x = z. 


Asn + 1 (2 + 1) 
n=o (2n+1? + (Qn+1? + 0) (Qn+1? + c*) 


= B, sinh x) + C, sinh G x) + D, sinh c G x) 


+ | As, sin 2 nx) 
(4n? + (4n? + 0?) (4n? + 6?) 

If d4yv/dx4, dy/dx?, y =0 at x =0 and x =a 
B, = C, = D, = 0 or B, = C, = D, = 0 
leading to A,, = 0 for all values of n 
unless + a?) (nm? + (n? +c?) = Ad 
for some value of nm. The minimum root for Aa? 
is Aa? = (1 + a?) (1 + 8?) (1 +c) 
which occurs in the even solutions. 
Ifiy = 0, dy/dx* = 0 
and dy/dx* — k’dy/dx = 0 at x = 0 
and at x = z it follows that 


Bocoshaz/2 Cycoshba/2 Dycoshea/2 _ L 
and hence 
1, {a (a? — k*) (b? — c*) tanh a + (b? — hk?) (c? — a?) tanh b 7/2 
+ c(c? — k?) (a? — 6?) tanh c 2/2} 
+ ra? Aon 41 (20 1) (2n+1* 
(2n+1? + a*) (2n+1? + 6) (Qn+1? + c?) 
This equation, when =? =k, 


reduces to the consistency equation given by Jeffreys under similar boundary 


conditions (Proc. Roy. Soc., 118, p. 200 et. seq.). 
a higher value for Aa and its treatment would be similar. 


respectively and these two parts can be considered independent of one another 


Vv, = B,cosha G + C, cosh b ) + Dy cosh ¢ (5 x) 


The odd solution gives 


ut 

el 
| 
fc 

n 

| 

3 

3 

| 

3 


A THEOREM OF ERDOS. 


By S. CHOWLA. 


(From the Government College, Lahore.) 


Received November 21, 1936. 


1. Erdés has proved the beautiful result (Quart. Jour. of Maths., 
Oxford, Sept. 1936) that the no. of solutions of » = (p—1) (¢— 1) is 
unbounded, where p, q denote primes. The object of this note is to correct an 
error in the argument arising from Erdés’s citation of a result of Titchmarsh, 
which was never really proved. The correct form of the result runs as 
follows : 


Let m(x ; k, l) denote the no. of primes = /(mod k) not exceeding x. 
Then for all k <= exp (Vlog x), except possibly for all multiples of a certain 
number k,, we have 

1 7 du 


a(x; k,l) = J + Of[x exp (— Vlog 


Here the constant implied in ‘“‘O”’ is independent of both x and k.  (Titch- 
marsh, Rendi. Circ. Mat. Palermo, 57, 1933, 1—2.) 

2. Let p, be sufficiently large, A = fp, po +--+ py, (a product of A conse- 
cutive primes, choose A so that 
(1) (log A)? < pi < {log (Ap) ,1)}? < 4 (log A)? 
(since, by Bertrand’s postulate, p,,,; < 2p, < A)andm = [e:]+ 1. We 
evidently have exp (Vlog m) > A. Hence we can apply Titchmarsh’s 
theorem above (which we shall refer to as T.) with x =m and k<A 
where &/A. Let ky (if it exists) be equal to 


Pm, Pms Pmr 
where the numbers m, (1 < s < 7) are all different and each m, < A. Two 
cases arise 
A 


(a) 
Then ‘I. applies to all combinations of products of the (yr — 1) different 
primes 


Pm; Pmes 


In this case we define 


8 
4 
s=l1 
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and observe that T. ‘‘ applies ’’ to all divisors of A’ in the sense that none of 
the divisors of A’ is a multiple of fp, i.e., none of the divisors of A’ is “excep. 
tional’ in the sense of T. 

(8B) r< 5 + 1. Then ho) = 1 so that if we take A’ = in this 


Ro 
case, we observe that in this case none of the divisors of A’ is ‘‘exceptional” 


in the sense of T. 


In both cases, (a) or (8), our definition of A’ ensures that the number 
of divisors of A’ is at least 
gta -1 


for A’ is a product of at least (3 _ 1) different primes. Further, since 
(A’, ko) = 1 in one case while A’ < ky in the other, no divisor of A’ is an 
“exception” when ts applied withx = m,k < A’, k/A’. 
We estimate the number of solutions S’ of the congruence 
(p — 1) (q — 1) = 0 (mod A’) 
with < m. 
We write A’ = BC and denote by S, the no. of solutions of 
(p— 1) (q—- 1) = 0 (mod A’), p— 1 = 0(B), q—1 = OC) 
with 1, B) = m. 
First we estimate 5S,. 
In virtue of what has been said before, T.. applies and hence the no. of 
solutions of p —1 = 0(B) with m, is greater than 
Similarly the no. of primes q < m for which 
q — 1 = O(C) and (q—1, B) = 1 
is greater than 
m 
log a(m ; pC, 1) 
But since p;C < A’ < A < me it follows from Brun’s method that 
am; p€, 1) < 


log m 
(c’s denoting absolute constants) 


Hence 
c, Am Cy Am 
< 


— 1) (log m) $(C) ~ $(C) (log A)? (log m) 
But, from (1), (log A)?4 < A andsoA < log A. Thus 
nm; pf, 1) < 


(log A) log m) ~ 4¢(C) log m’ 


1S 
5 
4 
: 
5 
ps 


of 
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Hence the no. of primes g such that 
q-—1=0C), (—1,B)=1 


is greater than ip tog 
Hence 
m 
Se > (log m)? 
We evidently have 
22 pu m* 


Se > (log m)* 
But the integers of the form (p — 1) (g — 1) with ,¢g < m are evidently 
less than m?. Hence we may find ” (< m*), a multiple of A’, for which the 
equation » = (p — 1) (¢q — 1) has more than 


A_y A 
(2) 8 log? 16 (log solutions. 
But 
log A 
\ > Slog log A 


for all prime factors of A are less than (log A)’ since, by (1), ; < 4 (log A)?, 
and the product of primes in the interval 
{4 (log (log A)?} 
is greater than A (this fact follows from the Prime Number Theorem). 
Thus since log m < 2p, < 8 (log A)?, we finally have 


A log A 
2? 26 log log A 


16 (log ~ 16.64. (log A)* 
where « > 0 is arbitrary. 


> exp [(log m)#-«] 


Hence for f(z), the no. of solutions of m = (p — 1) (¢ — 1) we have, 
log f (n) == Q{(log n)*- 
where e > 0 is arbitrary, the theorem of Erdés. 
3. Itis known that if the ‘‘ extended Riemann hypothesis” is true 
then, if = 1,x 
lim 
oo x/$(k) log x 
Using this fact and m = A’, A’ = A in the above argument, we find that if 


the ‘‘ extended Riemann hypothesis ”’ is true, then f(z) = exp (ae ee =) 


=] 


for some absolute constant c > 0, is true for infinitely many 1. 
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ON THE NUMBER OF SOLUTIONS OF SOME 
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Hurwivz gave the first proof that the congruence 
ax* + by* = c(p) 


is soluble with x, y prime to /, whenever abc $ 0 (p), for sufficiently large p. 
This was a generalization of an earlier result due to Dickson. Mordell' and 
Davenport and Hasse* proved the stronger result that the number of solu- 
tions of the above congruence is asymptotic to p, for large p. 


Introduction. 


In this paper I give a simple proof of this result by a new method 
based on lemmas due to Hardy and Littlewood. In fact, I show that 


Theorem 1. If abe #0 (p), the number N, of solutions of 
ax* + by* +c = 0 (p®) 


satisfies the inequality 


This is included in the sharper result : 
Theorem 2. 
[IN — p9| < (k — 1) (k — 2) + (k — 1) pe 
which is the same as the result due to Davenport and Hasse. 
It is not known except in certain special cases whether the congruence 
y* = f (x) (mod p) 
is soluble where f (x) is a polynomial in x with integral coefficients. 


But 
when f(x) = x* + c it is known from results due to Mordell and Davenport 
and Hasse that 


(A) 


p 
where c is prime to #, and () denotes the Legendre symbol of quadratic 


1 Math. Zeitschr., 1933, 37. 
2 Crelle’s Journal, 1934, 172, 151-82, 
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reciprocity. It seems likely that when f(x) is not congruent (mod ~) to a 
constant multiple of the square of a polynomial in x with integral coefficients, 
then the number of solutions of 


= f(x) (mod 
is asymptotic to p, which is equivalent to the result that 


In this paper we give a new proof of (A) in the sharper form 
Theorem 3. 


We deduce this as a special case of the result : 
Theorem 4. The number N, of solutions of 


ax™ +. byt + ¢ = 0 
satisfies 


[IN — p9| < pe-# (m, — 1) (m -- 1) 
Hence in particular there is always a solution 7f* 
p> (m — 1)? (m% — 1) 
where m =(m,p—1), mn, =(n, p — 1) 


2. 


Notation. 


Sp q 
h 


where (a, g) = 


Mg 


k 

p* where p is a primitive gth root of unity, 7.e., p = 
1 

1. A(g) = A(g, 2) = 97? J (Sp)? p=” where p runs over the 
¢ (g) primitive qth roots of unity. 

M {p/, n) is the number of solutions of h,* + h,* = n (p*) 

where <p, < 


3. Proof of Theorem 1, 
Lemma 1.4 


L+A(p) +A M(P, 2). 


If p 2kn, 
A =0 for! > 1. 


Lemma 2.5 


3 This is sharper than Mordell’s result (Joc. cit.). 


4 BE. Landau, Vorlesungen ttber Zahlentheoric, Band 1, Satz 286. We refer to this book, 
as LV. 


5 Ibid., Satz 293. 
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Ifp 


Lemma 3.8 


k — 1) 
A (. (& — 1) 
|A 
We observe that from lemmas 1 to 3 it follows that 
< vp > 


i.e.,|N — < (k — 1)? 
which proves Theorem | when a = 6 = 1. The generalization is immediate. 
4. Proof of Theorem 2. 


We use the following notation 


Qari 
and for each character X (mod /) 


7=1 7 


and we have (LV, satz 308) 
1 (where X, is the principal character) = VP (X X). 


The 6 = (k, p — 1) characters X with the property x* = x, (LV, satz 
309) are called “‘ special characters ’’ and will be denoted with the letter 
b, bo = Xo. We have (LV, satz 310) when g = p, p = e” where (r, p) = 1, 
then 


We have also [LV, satz 317) 


2 
A(p) =p? 2 1%, (7) pe (7) 
(where #2 Tun independently over the — 1 special characters + 
he ws, ) 
where in the summation is for subject to Xo, and in the 
by, satisfy = Xo The number of termsin is (8 — 1)?. 
Y2 
The number of terms in 2” is 5 — 1 and hence in vs there are 
1s Y2 
(8 — 1) (6 — 2) terms. Now we have 


l7%,%,| =? 


[bid., Sat. 317. 


5 
\ 
; b + po 
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The inner sum is, since every time yg, (”) pe (7) is a character x (vr) [and 
without loss of generality 0 < < 


=X (p — n) X Ir(p — *)| = x (p n) X (7) =x (p—n) 


Hence 
< + |2"| < — 1) (8 —2)6 +6 —1).p.1 


whence 


(8 — 1) (6 — 2) 8-1 
(6) | 
From this, as before, Theorem 2 follows. 

5. Proof of Theorems 3 and 4. 


Write, 


Sp” $ 


h=1 
A (gq) & Sp” 
p 
M (p’, 2) is the number of solutions of 
+ bhoA2 =n (p’), withO< h, < Och, < 
It is easy to prove that (following LV, satze 286 and 317) 
1+A(p) + --- +A = pM n) 


1 
|A (p)| < Wp (8; — 1) (®& — 


where 5, = (ky, p — 1) and 8 = (ky, p — 1). 
The method of the proof is similar to that of Theorems 1 and 2. We need 
the following additional lemma, which takes the place of lemma 2. 
Lemma 4. If p + 2k, kgn, then 
A (p/) = 0 for] > 1. 
Proof. We have 


A = & (Sp’ Sp" p~”) pi) Sp" p-” 
p 


A=1 
p 


{where 2 denotes that / runs over a reduced residue system (mod p’) and = 


2 pri 
zk 
Sp = p* 
A=i1 
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denotes that / takes the remaining values less than and equal to p’.| It is 
known (LV, satz 306) that forg = p/, pT > 1 = (0 and there- 


fore 2 pues = 0 since (a, p) = 1. 


Hence 


A (p4) = =z (= 
p 


Now 
p’-! + (ah*4: — n) since p/h, p fF n, andl > 1. 
It therefore follows (LV, satz 220) that [note p + (ah,* — n)} 


h 
p 
and hence when / > 1, 


A (p!) = 0. 
This proves Theorem 4, of which Theorem 3 is an easy consequence 


} 
| 
| | 
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VARIATION IN THE NOCTURNAL RADIATION FROM 
THE SKY WITH ZENITH DISTANCE AND WITH TIME 
DURING THE NIGHT. 
By L. A. RampAs, B. N. SREENIVASIAH 
AND 
P. K. RAMAN. 
(From the Meteorological O fice, Poona.) 
Received November 27, 1936. 
/. 


Introduction. 


MEASUREMENTS of the heat radiation received by unit area of a horizontal 
surface from the whole sky during clear nights at Poona, have been discussed 
by Ramanathan and Desai! and by Raman*. Ramanathan and Ramdas? 


| 


showed that the expression = A —B x 10-% (where S is the radiation 


coming from the sky, T is the temperature of the air near the measuring 
instrument, o is the Stefan-Boltzman constant, A, B and y are other constants 
and e is the pressure of water vapour near the place of observation) obtained 
empirically by Angstrom can be derived from a consideration of the variation 
of the absorption coefficient of water vapour in different parts of the spectrum 
in the region of long waves. Hourly observations of the heat radiation 
coming from the night sky during selected clear nights at Poona have been 
discussed recently by Raman.‘ ‘These observations show that the heat 
radiation from the water vapour in the atmosphere decreases with time 
during the night, the maximum value being obtained immediately after 
sunset and the minimum value just before sunrise. In the same paper, Raman 
has also discussed simultaneous hourly observations of the radiation from 
the night sky recorded at different levels at and near Poona and shown that 
the magnitude of the nocturnal variation of the sky radiation is maximum 
near the ground and decreases rapidly with height. These results find an 
explanation in the fact that the S, radiation which comes from the air 
jayers nearest to the measuring instrument should depend upon the tempera- 
ture of these layers [vide paper (3) above].. The nocturnal variation of the 
air temperature in these layers is maximum near the ground level and the 
magnitude of AS, the variation of the S, radiation, is found to be of the 
same order as that of the variation of the total radiation S for all the wave- 
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lengths taken together. ‘The importance of the lower regions of the atmo- 
sphere in controlling the radiative phenomena which we are discussing, is 
brought out clearly by these results. 

Further consideration of the whole problem indicated that it would be 
worth-while to study the variation of che nocturnal radiation with zenith 
distance* and with time during the night. Hourly measurements of the 
radiation from different regions of the sky and its variation during the course 
ef the night were made during a few nights towards the end of the last clear 
season (April—May, 1936). It is felt that a brief account of the experimental 
method and the conclusions which could be drawn from these preliminary 
observations would prove to be of interest. 


2. Description of Apparatus. 


The nocturnal radiation is measured with the help of a Moll’s Micro- 
thermopile and a Moll’s Micro-galvanometer, both of which possess the high 
degree of sensitiveness and quickness of response required for detecting the 
variation in the intensity of the radiation from different parts of the sky. 
The thermopile is mounted inside a box and packed with cello-tex boards on 
all sides. The box is provided with a small aperture (which subtends an 
angle of about 10° at the surface of the thermopile) through which radiation 
passes into the receiver of the thermopile. The aperture can be closed by 
means of two shutters, one of which works inside at the box temperatures 
while the other works outside the box. The shutter inside the box is usually 
opened after and closed before the one outside while making the measure- 
ments. Fig. 1 shows a sketch of the thermopile box, with the two shutters 
and the aperture. T is a thermometer passing through a hole at the top of 
the box with its bulb in contact with the metal casing of the thermopile. The 
thermometer registers the temperature of the instrument and may be read 
from outside. 


The thermopile so mounted was calibrated by exposing the sensitive 
element to the hemispherical radiation from a hollow radiator coated with 
carbon deposited from camphor smoke (see Fig. 2) and noting the deflections 
of the galvanometer when the surface of the radiator was maintained steadily 
at different temperatures. 


* The variation of atmospheric radiation with zenith distance has been discussed by 
Angstrom (Astrophysical Journal, 1914, 39, 1) and by W. H. Dines and L. H. G. Dines 


(Mem. Roy. Met. Soc., 1927, 2) by using experimental methods different from the method 
used in the present investigation. 


= 
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Fic. 1. Fic. 2. 


Thermopile. Radiator, 


The thermopile was, after obtaining the calibration curve, taken outside 
into the open plot of the Central Agricultural Meteorological Observatory, 
for exposure to the different portions of the sky. When the aperture of the 
thermopile was facing upwards towards the zenith sky the deflection in the 
galvanometer was found to be steady and uninfluenced by any wind that 
might be playing round the instrument. For taking observations of the 
radiation from other angles, the instrument was tilted at the required angles 
in an azimuth opposite to that from which the wind, if any, was blowing. 
This precaution was found to be necessary and sufficient to obtain steady 
deflections in the galvanometer. ‘The radiation from the sky at altitudes 
of 90° (vertical), 60°, 45°, 30°, 15° and 0° (horizontal) were recorded in the 
later experiments. Observations of the temperature of the air near the 
instrument and the pressure of water vapour in it were made with the help 
of an Assmann Psychrometer and the temperature of the thermopile was 
also read off each time the radiation observations were recorded. Observa- 
tions of the total radiation coming from the whole sky were also recorded 
simultaneously with Angstrom’s Pyrgeometer. 


3. Description of the Data. 


Attempts were made to record the hourly observations on a number of 
nights which were clear to start with. As the season was well advanced, 
however, on most of the nights alto-stratus or strato-cumulus clouds dev- 
eloped towards the morning. ‘Ihe preliminary observations recorded on the 
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pages. 


25th April from the zenith sky and the fuller set of data recorded at different 
altitudes on the 2nd May 1936 were obtained from perfectly clear skies and 
the vapour pressure near the surface was also fairly steady. 
April, however, there were traces of clouds at intervals; there was also a 
large change of vapour pressure at the surface but this cid not alter the 
general trend of the results materially. 


The data obtained on these three dates are discussed in the following 


TABLE I. 


Measurements of Radiation from the zenith sky and other relevant 
meteorological observations taken during the night of the 25th April 1936. 


On the 30th 


1.S. 1 


Time in hours 


Air 
Temperature 
near 
instrument °C. 


Instrument 
‘Temperature 


Vapour temperature of 32°-8 C. | ge 
pressure jand equivalent black body, 3 
mm. of Hg. | temperature of portion of | 33 e's 4 § 
sky concerned (AT) | 


| 


1925 


2010 
2030 
2100 


2200 


2300 


2400 


0100 


0200 
0300 
0400 
0500 


0530 


11-8 


284-1 


284-0 


283 +6 
283 +3 
282 -4 
281-4 
280 -2 


278 -6 


25th April 1936.—Table I gives the radiation ‘observations recorded 
from the zenith sky on this date along with the other relevant data. 
Columns 1 to 4 of the table are self-explanatory. 


The deflections of the 


|_| 
g 
t 
; Cc 
: 
e 
— 
| 
32-8 22 | 21-7 
30-8 28-7 12-1 | 21-8 
| 
29-7 | 28-4 | 22.2 | 
| 28-8 | 27 +8 12-7 | 22-5 
| 
27 2 | 26-7 9-1 23 +4 
25-5 | 25-7 Bel 24 
| 
24-4 | 25-4 11-6 | 25 +6 
| 
23-1 | 23-8 13-3 | 27 
| 
| 
22-1 24-0 9-5 | 27-3 278-5 4 
| 
21-5 23-0 9-3 28-0 277 -8 
| 20-4 21-6 9-6 28-7 277-1 
19-5 21-4 7-7 29-0 276-8 
| 19-1 20-7 9-5 29-3 276-5 
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galvanometer were corrected for the change of temperature of the thermo- 
pile from its initial value of 32°-8C., using these corrected deflections the 
temperatures of a black body which, by exchange of radiation with the thermo- 
pile at 32°-8 C., would have caused these deflections were obtained from the 
calibration curve. We may call these black body temperatures the ‘‘ equiva- 
lent black body temperatures ’’’ of the night sky. The differences between 
these temperatures from 32°-8C. (AT) are given in column 5, while the 
equivalent black body temperatures themselves are given in the last column 
of the table. Fig. 3 shows the variation with time of the equivalent black 
body temperature of the zenith sky on this night. It will be seen that this 
temperature falls progressively as the night advances. 


Time in hours 


-1s T 
=5.: 
20 

> 
| « = -30 

18 20 22 24 2 4 6H. 


FIG. 3. 


Nocturnal variation of the equivalent black body temperature of the zenith sky on 25-4-36, 


30th April 1936.—On this day, the experiment was amplified so as to 
obtain simultaneous values of the equivalent black body temperatures of the 
sky at different vertical angles. A complete set of observations, at any hour, 
consisted in exposing the thermopile to the sky at the various vertical angles 
one after another. On the 30th April, the angles used were 90° (vertical), 
60°, 45°, 30° and 15°. Table II gives the observations and the calculated 
data. The data presented in respect of each angle and the method of 
calculation are similar to those given in respect of the zenith sky for the 
25th April in Table I. The values of AT in Table II are given as deviations 
from 34°.7 C., the initial temperature of the thermopile. 


The curves in Fig. 4 (a) show the variation with time of the equivalent 
black body temperatures of the different altitudes of the sky mentioned 
against each curve. It will be observed that at each altitude the equivalent 
black body temperature shows a progressive fall with the advance of night, 
the fall becoming less rapid after midnight. The general characteristics 


of the variation at different altitudes are the same. 
A4 


| 
: 
. 
it 
a 
> 
q 
PR 


= 42019 fo uotssoadop—L 7 I. fo Ew 


€0¢-0 
£0¢-0 
964-0 


T0s-0 
-0 


99¢-0 


~ 
— 
o 


L. A. Ramdas and others 


woly 


-duy pounseaut 


L 7 

L 7 
juauini}suy 


LV 


jo ‘wu 
aanssaig 1nodea 


simoy Ul 


006 — 


"2, 


Ays 


PUY quasaffip mosf qysiu ayy uouvipoy fo sjuamasnsva 


‘II 


no 
ss 
r orn oO HA 
= no ® ob + 
a SH © ASH 
— = = N N N N N 
= 8 882383) 
| AN 
les 
& H + 
| N N N N N N N 
A 
oo te HANS DS w 
of 
: on no HN 
& 8 & cu 
a & © VE 
. 
in 
8 22s m 
= a soe t+ HF 


Nocturnal Radiation from the Sky with Zenith Distance and Time 51 


2. 
4S) 
NX 
5-28 S 25 400: 
l= 
20 22 24 2 4 6H. 202 40 60 80" 90" 
Time in hours Altitude 
FIG. 4 (a). F1G. 4 (6). 
Nocturnal variation of equivalent black body Variation of equivalent black body temperature 
temperature at different altitudes of the sky of the night sky with altitude at different 


on 30-4-1936. hours on 30-4-1936. 


° 

© 

3 = -550 

5 0 20 40 60 80 90 on 

Altitude 22 24 2 4 6 RY. 


Time in hours 


Fic. 4 (c). FIG. 4(¢). 
Range of variation of equivalent black 
body temperature at different altitudes Nocturnal variation of radiation S from whole sky 


during the night of 30-4-1936. as obtained from Pyrgeometer on 30-4-1936. 


The information is also presented in a slightly different form in Fig. 4 (b) 
where the simultaneous values of the equivalent black body temperatures at 
the different altitudes of the sky (viz., 90°, 60°, 45°, 30° and 15°) as obtained 
from the smooth curves of Fig. 4 (a) are plotted ; the hour to which each curve 
of Fig. 4 (b) refers is noted against it. ‘These curves show that at any parti- 
cular instant the equivalent black body temperature of the sky decreases 
as the vertical angle increases. From Fig. 4 (6) the values of the range of 
variation through the night of the equivalent black body temperatures at 
different altitudes of the night sky can be estimated. These values are plotted 
in Fig. 4 (c) against the vertical angle. It will be seen that the variation is 
minimum near the zenith and increases as one approaches the horizontal 
direction. In the last column of Table II, the values of S the total radiation 
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from the sky measured with Angstrom’s Pyrgeometer are also given for 
These values are also shown diagrammatically in Fig. 4 (d), 

2nd May 1936.—A further improvement of the experiment was made 
on this day inasmuch as observations were taken at all the altitudes from 
0° to 90°. The observations of this date were obtained under ideal conditions 
as the skies were perfectly clear throughout the night. 


The data are given in detail in Table III and are also represented by 
means of the curves in Figs. 5 (a), (b) and (c) which fully confirm the results 


They are the best 


sky on 2-5-1936. 


3 

3 

we 

40 60 80 so 

Altitude 
FIG. 5 (c). 


Range of variation of equivalent 
black body temperature at different 
altitudes during the night of 2-5-1936. 
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FIG. 5 (a). Fic. 5 (8). 


Nocturnal variation of equivalent black body 
temperature at different altitudes of the 


Variation of equivalent black body 
temperature of the night sky with 
altitude at different hours on 2-5-1936. 


S in gr. cals.jem2?/min. 


20 22 24 


Time in hours 
FIG. 5 


Nocturnal variation of radiation S from whole sky 
as obtainad from Pyrgeometer on 2-5-1936. 
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of the 30th April. The values of AT in Table III are given as deviations 
from 35°-5C., the initial temperature of the thermopile. 

The intensity of the total radiation S from the night sky as measured 
with an Angstrom’s Pyrgeometer at different hours on the night of the 2nd 
May 1936 are given in the last column of Table III, and shown diagram- 
matically in Fig. 5 (d). 

From the data discussed above, two main conclusions emerge, viz., 

(i) there is a decrease with progress of night in the intensity of 

radiation coming from the different zones of the » ght sky, and 

(ii) the decrease is maximum in the radiation coming from the hori- 

zontal direction and minimum from the zenith sky. 

The first result is in agreement with the results discussed in the earlier 
paper (vide paper 4, loc. cit.) where it has been shown that there is a decrease 
with time in the nocturnal radiation from the night sky as a whole. 

Regarding the second result, we should remember that the water vapour 
content of the atmosphere decreases rapidly with height and that the layers 
of equal water vapour content are horizontal. So far as the S, radiation is 
concerned, the radiation from a horizontal or vertical direction will be 
coming from the air layers in the immediate neighbourhood of the instru- 
ment; also, the variation of S, with time will be greater in a horizontal 
direction than in a vertical direction, because, the nocturnal cooling decreases 
with height. When we come to the S, radiation, however, we see that this 
radiation from a vertical direction will be coming from a region of the upper 
atmosphere which undergoes little or no cooling during the night. The §S, 
radiation from a horizontal direction comes from air layers which are 
relatively nearer the instrument. As these layers experience the largest fal 
of temperature during the night, it follows that the S, radiation will also 
undergo a decrease with time during the night. The result is that in the 
horizontal direction both S, and S$, vary whereas, in the vertical direction, 
S, does not undergo any change. We shall consider these details more fully 
in a later paper. The mean equivalent black body temperature of the night 
sky, as a whole, can be calculated in a simple manner from the zonal distri- 
bution of temperature and the results compared with the measurements of 
S with Angstrom’s Pyrgeometer. This will be taken up after collecting 
more observational data during the coming winter. 


Summary. 


The hourly variation of the heat radiation coming from different alti- 
tudes of the night sky was measured on three nights in April and May 1936 
with a Moll’s Micro-galvanometer and a Micro-thermopile provided with a 
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small aperture. ‘These observations show that the nocturnal cooling of the 
radiating air layers as shown by the decrease in the equivalent black body 
temperature of the sky is maximum for altitude zero (i.e., horizontal) and 
minimum for altitude 90° (7.e., zenith). | 

The authors have great pleasure in thanking the Director-General of 
Observatories for providing necessary facilities for the investigation. 
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1. Introduction. 


SOME recent experiments! on the fine structure of the Balmer lines of 
Hydrogen have shown a disagreement between calculated and observed 
term values. Other experiments? reach the opposite conclusion that no 
such disagreement exists. Houston and Hsieh state that the order of the 
magnitude of the effect observed by them is a times the fine-structure 
separation (a = fine-structure constant), and that the theory of fine struc- 
ture requires modification. They have further made the suggestion (pointed 
out by Bohr and Oppenheimer) that the discrepancy might perhaps be 
corrected by taking into account the interaction between the electron and 
the radiation field due to the transitions between several fine-structure levels. 


Several attempts have been made to sharpen the theory of the fine 
structure so as to enable an explanation of this discrepancy. Heller and 
Motz? have attempted to replace the Coulomb potential of the nuclear field 
by the potential of a static field given by the new field theory of Born and 
Infeld.4 Treating the difference between the Born and Coulomb potentials 
as a perturbation, they calculate the term shifts in the one electron Schrédinger 
problem and conclude that the corrections obtained, although in the right 
direction, are much too small to explain the observed discrepancy. They 
further state that a rigorous treatment with the Dirac eigenfunctions does 
not materially alter the situation. Another attempt using the Born poten- 
tial has been made by Meixner.’ In place of the Schrédinger wave equation 
employed by Heller and Motz, he uses the Pauli equation which takes 
account of spin and also the relativistic correction. Treating ¢, — ¢, asa 


1W. V. Houston and Y. M. Hsieh, Phys. Rev., 1934, 45, 263. 
R. C. Williams and R. C. Gibbs, ibid., p. 475. 


2 F. H. Spedding, C. D. Shane and N.S. Grace, Phys. Rev., 1935, 47, 38. 
3G. Heller and L. Motz, Phys. Rev., 1934, 46, 202. 

* M. Born and L, Infeld, Proc. Roy. Soc., 1934, A144, 425. 

5 J. Meixner, Ann. der Phys., 1935, [5] 23, 371. 
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perturbation the result is obtained that the spin and relativity corrections 
are half as large as those obtained from Schrédinger’s theory. Nevertheless, 
the total correction is shown to be negligible if one uses for the electron the 
radius of Born’s field theory. If, instead of this radius, the radius as modi- 
fied by Born and Schrédinger® be used the result, as shown by Meixner, 
is that nearly 30% of the discrepancy can be explained. 


I have attempted in this paper to estimate the order of magnitude of the 
corrections obtained by taking into account the interaction of the electron 
with its own radiation field. For this purpose, I have used Born’s field theory 
since by its unitary nature this theory can be expected to take care of this 
interaction automatically. This has been made possible by the two recent 
papers of Born’ on the unitary theory of field and matter wherein the effect 
of an external field is taken into consideration provided that the external 
field be subject to the restriction that it be constant over the ‘‘ diameter ”’ 
of the electron. If we observe that the radius of the electron is of the order 
of 10-% cm. and the radius of the H-atom 10-8 cm., it is evident that the 
external field of the nucleus satisfies the restriction stated above. 


The method of procedure I adopt is to calculate the energy of the 
electromagnetic field wherein the electron is a singularity and is acted upon 
by the ‘‘ constant ’’ nuclear field, following the steps indicated in the above 
two papers of Born. The energy is obtained as the sum of two terms Wo 
and AW, the former being the energy unperturbed by the external field 
and AW the perturbation energy. I next employ this perturbation term 
in the wave equation and estimate the correction in the several spectral 
terms. 


The result I have obtained is that, if we use the Born radius of the 
electron, the corrections due to the interaction of the electron and the 
radiation field are negligible. If, on the other hand, we use the Born- 
Schrédinger radius the corrections obtained explain one or two per cent. of 
the discrepancy. The notion of the Born-Schrédinger radius is subject, 
however, to great theoretical difficulties. For one thing it would spoil the 


® M. Born and E. Schrédinger, Nature, 1935, 135, 342. 
7M. Born, Proc. Ind. Acad. Sci., 1936, 3, No. 1, 8; and ibid., 3, 2, 85. 


SIna recent paper, Meixner (Ann. der Phys., 1936, [5] 27, 389) has treated the 
question of this correction by using the methods of Weisskopf and Wigner in Dirac’s 
theory of radiation and has come to the same conclusion as mine. It is quite natural that 
this purely quantum treatment does not involve any question of radius of the electron. 
This paper deals comprehensively with the several possible theoretical aspects of th 
question. 
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beautiful coincidences in the phenomenon of scattering of light by light® on 
Born’s classical field theory and Dirac’s purely quantum hole theory. It 
would also contradict the value!® ze*/mc* (experimentally confirmed) of the 
cross-section for the scattering by electrons of light of long wave-length. If 
we, therefore, lay aside the Born-Schrédinger radius as untenable, we can 
conclude that the interaction of the electron and radiation field does not 
materially effect the energy levels. It is remarkable that this investigation 
and Meixner’s totally different method should lead to identical conclusions, 


2. Energy of Electron in Constant External Field. 


We assume the field of the nucleus constant over the diameter of the 
electron and determine the energy of the latter following the method of 
Born in the two papers mentioned above. (See reference [7].) 


The total field is written 


> > >) 

+E; B =B + BY 

> > > > > > | (1) 
and D=PDp+D'; H=H°+H 


where the e- and 7-fields denote the external field and field due to the 


electron itself. At infinity the fields E’, B’, D? and Hi all tend to zero. 
The energy is calculated from 


w= (2) 


where U is the energy-density given by 


43-1 (3) 


> > > > > 
and S = (D x B) = (E x HH). 


We treat the e-fields as constants and also omit terms like De within the 
square root expression. This last is permissible since we can confine our- 
selves, so far as the range of integration is concerned, to a small neighbour- 
hood of the singularity wherein almost all the energy is concentrated and 
wherein the e-fields are negligible compared to the 7-fields. In the purely 
electrical case 


(4) 


% See for e.g., L. Euler, Ann. der Phys., 1936, 26, 398. Also M. Born, Proc. Ind. 
Acad. Sci., 1935, 2, No. 6, 533. 


10 See M. Born, Naturw., 1932, 20, 269; 


also, Nature, 1935, 136, 952. 
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introducing the absolute field 6 and the conventional units. We assume 


> 

the field D¢ constant both in magnitude and direction and take the latter 
as the x-direction with the origin taken at the singularity. Thus we can 
take 


> 
Dé as (D¢ = 0, 0) 


> 
* 


ry 


> > 
and put D = De + D‘ in (4). This gives 


co 7 
D?  2DeD‘ cos 
= f + 1) 2rrdr sin 0d0 
0 0 
> 
@ being the angle between D/ and the x-direction. 
2D¢D! cos 6 
W = f (1 +2 + 1) sin 6d0 


Expanding the square root with the aid of the Binomial theorem up to the 
second power of Dé we find in virtue of 


7 


J cos @sin =0, 
0 


cos? 6/b4 
(1+ /b?)3 


sin Odrdé 


rD dr 
(1+ D )3 


+ ref)? 


where W, = ff (/1 1) 2nr*dr sin 640 


and we have made the substitutions D’ = e/r? and b = e/ro, r9 being the 
Born-radius'! of the electron. The integral in (5) can be easily integrated 


3 
g 


11 See reference [4], p. 439. 
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by putting ry = 79x and is equal to 


where f(0) — f(x) =4F (<5 2 are tan x) and F (k, 2 are tan x) is the 


Jacobian elliptic integral of the first kind for k = x ; 
Hence (5) reduces to 
D* 
W = Wy (0). (6) 
Expression (6) shows how, on the present theory, the energy is modified 
when the effect of the external field is taken into consideration. We now 
put in (6), 


Z 
(7) 
the r being now referred to the nucleus as origin and obtain 


We now proceed to use the second term on the right hand-side of (8) as 
a perturbation and obtain the modification in the fine structure. 


3. Theory of Fine Structure. 

The present position of the theory of fine structure is that the correct 
explanation is afforded by Dirac’s theory of the electron which gives results 
in accord with Sommerfeld’s formula derived on the basis of the old quan- 
tum theory. The approximate two-matrix method of Pauli also gives 
correct results and is equivalent to the original Schrédinger-Gordon-Klein 
wave equation with the proper correction for spin. We can write the 
complete wave equation where the relativistic variation of mass and the 
spin are taken into consideration in the form" 

2. 
Ay + (v fo + Te. ) = (9) 


where V,,;, and V,,;, can be treated as perturbation terms and are of the form 


12 See for e.g., O. Halpern u. H. Thirring, Erg. Exakt. Naturw., Bd. 8, S. 423. 
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~ and ~ (10) 
A treatment of equation (9) by using perturbation methods amounts to 
finding the averages l/r? and 1/r3 with respect to the radial wave functions 
of the unperturbed Schrédinger wave equation and gives the same result 
as obtained by Pauli’s equation’ 


+ (W + eft + (BP) (LE x 


~=0 (11) 
h 


where W = total energy, o = Pauli’s spin matrix, A =diograd, p = j 


grad. 


We now take account of a further perturbation due to our equation (8), 
wherein the W, is really to be taken equal to the expression within brackets 
in the left-hand side of (9), and introduce it in (9). The modified wave 
equation can be written as 


2 
Ag+ (We + = — Vii. — Vepin — = 0 (12) 


where Vicia ~ s is the perturbation term in (8) and can be taken to denote 
the interaction of electron and field. 

Hence if AW be the energy correction we have 

AW =-—Aljr (13) 
where the mean value is taken with respect to the radial Schrédinger func- 
tion of the unperturbed equation. 

Before proceeding to estimate the magnitude of the correction as shown 
by (13) it is necessary to remove a difficulty connected with 1/r* for the 
s-terms (i.¢., 1 = 0). A reference to Bethe’s article p. 286 shows that this 
is equal to co, but we can get over the difficulty if we observe that for 
s-terms we are concerned with values of y nearly equal to zero and for such 
values we cannot neglect ed = Ze*/r as compared with the rest-energy 
E, = mc. This is the approximation made in deriving (11) from Dirac’s 
exact wave equation. We have therefore to replace! 


Rédr 


R?rdr 
1.e., by where = e/mc?, z = 1 14 
(7 + po)? Po / ( ) 


and R = R,, is the radial Schrodinger function. 


13 See Bethe, Handb. d. Phys. s. Auf., Bd. 24/1, p. 305. 
14 See Bethe, ibid., footnote on p. 307. 
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Further in integrating (14) we can take the limits as 0 and py themselves 
and use for R,, in this region the value 


Ry F (,) r (15) 


An elementary calculation obtained by putting (15) in (14) and integrating 
between the limits 0 and py shows that for s-terms no mistake would be 


committed as regards order of magnitude if 1/r4 were to be put equal to unity 
multiplied by Z*/a,!. 

As regards higher terms like p- and d-terms the values of the numerical 
factors of 1/r* for 1 = 1, 2, etc., are small fractions which have all been 
calculated in Bethe’s tables referred to above. Hence we can take the order 
of magnitude of the energy correction due to the interaction of the radiation 
and the electron as 

AW ~ AZ4/aut ~ Z%e*7,3f(0) /12ay'. (16) 
With Z = 1, the correction in the wave number is given by 
Ava f(0) f(0) 


c 12hc ay! 2a 12 ay! 


where a is the fine-structure constant given by a = 7-28 x 10-3, 
Putting in (17), % = 2-28 x 
he 


and = 0-532 « 10-8 cm. 


1-8, 


we obtain 


Avy 


~4x 107% em.-! 


If we observe that the discrepancy actually observed is of the order 
10-% cm.~! it will be seen that the correction obtained is negligible. 
If, however, the Born-Schrédinger radius be substituted in (17) we have, 
since this radius is nearly equal to 14 7, 
Avy 


2 x 10-5 


i.e., only about two per cent. of the discrepancy is explained. We might 
therefore conclude that the corrections obtained are negligible. 
4. Conclusion. 


I wish to thank Prof. Max Born who suggested this problem to me in 
the winter of 1935 and also indicated the method of procedure to be adopted. 


15 Bethe, ibid., p. 283. 
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I. The Classification of the Elements of a Group into Conjugate Sets. 


Let §,, Ss, S, be the elements of a group G of order m, and let S, be 
the identity-element E of the group. ‘The elements which are permutable 
n 


with an assigned element S; form a subgroup H of G, of order q Say: The 


n elements ot G fall into d equinumerous subclasses with respect to H, namely 
H, HS,, HSy, .. (1) 
By definition of H, whatever element S of H we take, we have 


and therefore also, 
Thus the value of the transform T-15;T depends solely on the subclass (1) 


to which T belongs, so that there are exactly d transforms of §; (including §; 
itself), S; and its transforms constitute ‘ a complete set of conjugate elements ’ 
of G. Thus the elements of G fall into a number (say 7) of complete conju- 
gate sets C,, G,...... , C, ; where C; contains h; elements, 4; being necessarily 
a divisor of ”, and 
the +h =n. 

The identity element FE constitutes by itself a complete conjugate set, and 
we can take C, = E, &, = 1. 

The fundamental preperty of this division is that the classes C combine 
among themselves by the group-operation. We mean by this that each element 
of Cg occurs the same number y;* of times among the /;h; elements Ch. 
obtained by multiplying each element of C; by each element of C;. To prove 
this we have only to observe that if an element c, of C, occurs exactly ¢ times 
in the product-set C,C;, then T-!czT must also occur exactly ¢ times in the 
set T?CC;T = T-1C;T.TC,T = C,C;, and that by proper choice of T, T-1¢,T 
will coincide with any element of C,. It follows that the classes C can be 
taken as the elements of a linear algebra with the multiplication scheme 


= Vis" Cz. 
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This is the ‘ algebra of conjugate sets ’ or the ‘ Frobenius algebra ' assoviated 
with G. 
It is clear that there exist other divisions of the elements of G into classes 
which combine among themselves by the group-operation (in the sense 
explained). To begin with there is the trivial division into m classes, cach 
class containing only a single element; there is also the equally trivial 
division in which there is only one class which contains all the 
elements. More generally it is easy to see that if @, is anv subgroup of 
G, there is a class-division of this kind determined by G, ; namely, an element 
S of G and all the elements which arise by transforming S by any element of G, 
are put into a class C;. The proof that the classes C; thus arising combine 
among themselves by the group-operation, is word for word the same as 
before. For, if an element cg, of Cg occurs exactly ¢ times in the product 
CC;, then if g is any element of G,, g-'cgg should also occur exatly ¢ times in 
the set g'C,Cjg = gC,g.g-C;.g = CAC; ; and by definition of can 
represent any clement of C, by suitable choice of g. 

If G, =E, we have the trivial division into m classes, each containing 
a single element; if G, = G we have the Frobenius division into classes 
of conjugate sets. It is also clear that the classes corresponding to a general 
subgroup G, arise by a subdivision of the conjugate sets. We note also that 
if G is an Abelian group, then each element of G is a2 complete conjugate set 
by itself, and therefore the only division of G by this method into classes 
which combine among themselves by the group-operation, is the trivial divi- 
sion in which each class consists of a single element. 


We proceed now to study a class-division of the integers mod N, which 
apart from its intrinsic importance, will shew that the above class-division 
of a group is not the most general one in which the classes combine by the 
group-operation, The property to be proved, of this class-division of the 
integers mod N does not seem to have heen noticed before in mathematical 
literature ; this is surprising in view of its fundamental character, and its 
importance in Additive Number-Theory. 


We return in V to the question of class-division of a group. 
II. The Algebra of Classes Med N. 


Let 4, = |, ty, ty,...-, tm = N be the distinct aivisers of the integer N. 
The N numbers 1, 2,...... , N, considered as the representatives of the N 
distinct residue classes mod N, may be divided into m classes, C,, Cy,...-, Cy, 
where C; consists of the numbers whose greatest common divisor with N is ¢;. 
In particular, C, consists of the ¢(N) numbers less than and prime to N ; C; 
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‘ N 
contains evidently ¢ (|) numbers, and the fact that these classes exhaust 


the N numbers is expressed by the well-known relation : 
= 24) =N. 


It is clear that the classes C combine among themselves by multiplica- 
tion ; for, if tg be the g.c.d. (greatest common divisor) of N and fjt;, the 


) ( numbers obtained by myltiplying each number of C; by each 


number of C; are identical mod N with the ¢ (7) numbers of C, each repeated 


the same number of times. This is not however the remarkable property 
referred to in the title of this paper; the remarkable property is that the 
classes C combine among themselves by addition. The proof of this is on the 
same lines as in the case of the group. If cg, a number of the class C,, occurs 


N 
exactly ¢ times among the (+) d (F) numbers C; +C; mod N, then if 
i j 


h is any number prime to N, Acg must also occur exactly ¢ times in the 
Set : 

h(C; + Cj) + AC; =C; + C;. 
By suitable choice of h, hc, can represent any number whatever of the class 
C;. Thus every number of the class C, occurs the same number y;* of 
times among the numbers C; + C; mod N. 


To construct an algebra of the classes C analogous to the Frobenius 
algebra of a group, it will be convenient to change the notation, and let + 
denote logical addition (7.c., addition of aggregates), and indicate by C; x C; = 
C,C; the set of numbers obtained by adding each number of C; to each number 
of C;. With this notation, our result takes the form: 


where the y,“’s are positive integers or zero. 
As an illustration, take N = 36 = 2°3°. The divisors are: 
th =13f, = 234, = = = = 1251, = 18; = 36. 
The classes are: 
C, =(I, 5, 7, 11, 13, 17, 19, 23, 25, 29, 31, 35). 
C, = (2, 10, 14, 22, 26, 34). 
C,; = (3, 15,21, 33). 
C, = (4, 8, 16, 20, 28, 32). 
C, = (6, 39). 
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Since Cy is the zero residue-class C,Cy = C;. 
for the remaining eight classes is as follows : 
cc. = aC, 6C, 


The multiplication scheme 


C,C, = 3C, 6C, + = 2C, +2C, +4C, + 4C,]C;C, = C, 

C,C; = 2C, C,C, = 2C, CC; = Cs + 2C, 
C,C, = 2C, + 2G, Cc, = G + x, cL, = C, 

= 2C, = + X, C2 = 2C, + 2G 
= C, Cc, = C, + 2, =G 

= 3C, + 6C, + 6C, = C, = Cy 

C.C; = 2C, = 3C, + 6C, + 6Cy C? =C, +2¢, 
C,C, = 3C, + 6C, + 6C, |C,C, = 2C, C,C, = C; 

Cc, = = Cy 

C.C, = C, CAC, = 2C, 

=< C,C, = CG, 


III, The Evaluation of 


TueoreM I. If t is a divisor of N, the (N) numbers prime to N fall into 


f(t) sets, each set consisting of dit) numbers equal to each other mod t. 
For, if M is prime to N (and therefore to #), the numbers 
M+#, M + - +>, t, 


are distinct mod N, and equal mod ¢. To find the number of these numbers 
which are prime to N, we note that none of these numbers are divisible by 


any prime factor of ¢. Let py, ps,.....- be the prime factors of = which 
do not occur in ¢. The condition, 

M +7t 0 mod fy, po,...., 
gives 


— mod ,, pe, 


Thus the required number is the number of residue classes-mod 


(F). which are not equal to — : mod , or pf, or..... By the familiar 


~ . 
C, = (9, 27). 
| C, = (12, 24). 
C, = (18). 
= 
2C, + 12Cy. 


od 
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argument which is used in evaluating Euler’s function ¢(N), this number is 


Thus the numbers prime to N consist of sets 7) 


each other mod /. It is clear that there is one such set corresponding to 
each residue-class mod ¢, prime to ¢. 


) numbers equal to 


Cor. lf M is a given number prime to N, there are al numbers. 


M’ prime to N, such that M + M’== 0 mod ¢. For M’ is one of the set of 
numbers equal to — M mod 
THEOREM II. =¢(N)- II ¢ where the product extends over 


all the prime factors : N which do a occur in tg. 


For, by Theorem I Cor. there occur among the {6(N)}? numbers of the set C,?, 
{$(N)}? 


precisely bl) which are divisible by ¢,. In order that a number divisible 


by ¢, may belong to the class C,, it is necessary and sufficient that it be not 


N 
divisible by ¢, p; for any prime factor p; of ; Hence the number of numbers 


of the set C,? that belong to C, is : 

But by definition of y,4, this number is y4, 6 (*). Hence 


Now the prime factors of (F) may be divided into two groups (q,, q2:-) 
k 


and (p,, p2,°+), where the g’s occur in #, and the f’s do not occur in ¢,. It 
is clear that ¢(t,9;) = 9; d(t,) and = d(t,)(p; 1). Hence: 


Since ¢ H(t.) = -IT we have finally 
k 1 
= ¢(N)- m(1 
Cor. - vanishes only when N is even and /, odd. When N is odd, 


y* = 0, and therefore all classes are represented in C,?. 
11 
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THEOREM IIT. J/f t,; be the g.c.d. of t;, t;, thed (*) numbers of C; fall into 
¢ (7) equinumerous sets of numbers equal to each other mod t;. To each 


number of class (t;j) mod t;, there corresponds one of these sets. 
For if T; be a number of C;, the numbers 
Bs 
are distinct med N and equal mod ¢;. We shall shew that exactly 
(7) of these numbers belong to C;. The statements oi the 
then without difficulty. 
Now if T; + #t; is to be divisible by ¢;, y must be divisible by . Hence 


the numbers of the above series which are divisible by ¢; are : 


tit; 
Out of these, the numbers a i to C; are those for which 


By the reasoning of iia L the number of values of A for which this 


is the case is 
N 


This proves the required result. Since this number is independent of the 
particular number T; of C;, there follows the division of C; into equinumerous 
subclasses mod ¢;, which are respectively. equivalent to all:‘the numbers mod 
t; which have the g.c.d. ¢;; with ¢;. 


Cor. (1) If T is a given number of C;, the number of numbers T’ of (;,, 
for which T + T’ = 0 (mod ¢,;) is by this theorem, the number 
belonging to a particular subclass of C,;—namely, 


Cor. (2) If ¢; represents an arbitrary number of C;, the congruence 
+o = O(mod ty), 
has no solution, if the g.c.d. tj of t;, t,- is not: - identical with 4. 
== tj, = tj, the number of solutions of the congruence is : 
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The first part is a direct consequence of the theorem. To prove the 
second part, we have only to observe that to solve the congruence, we may 
choose for c; any number of C;, and then c; must belong to a particular sub- 
class of C; mod ¢g. 


THEOREM IV. If cy represents an arbitrary number of C), the equation 
c; +c; = cg (mod N) 
has no solution unless ty = ti = tj = +t (where t,; ts the g.c.d. of t;, t;) ; 
if these conditions are satisfied the number of solutions ts : 


where the product extends over all those prime factors q of S which do not 
k 
t, t 


occur in *, 


For, by Theorem III Cor. (2), the number of solutions /(t,) of ¢; + Go = 0 


N N te\ ; 
(mod ¢,) is | if tig = tj = ¢t (say) and zero otherwise. 
Hence if t;, = tj =#, the number of cases in which c; + c; belongs to C;, is : 


where the f’s are all the prime factors of = . 


Now f(tgPipe2----) is zero except when the two g.c.d.’s 


ti), 


are identical ; that is, unless the two g.c.d.’s 


are identical, Remembering that ¢,/¢ is prime both to ¢,/t and to 4/t, it is 
necessary for the identity of these two g.c.d.’s that each of the primes Pu Pa - 
should occur either in both or in neither of ¢,/t, t;/t. But if there are common 
factors of ¢,/t, t;/t, it is easy to see that the series : 


f(t) — (ted) + ZS — 


where the p’s are the prime factors which occur in both or in neither of t;/t 
t;/t, and (a, b) denotes the g.c.d. of a and 6] must be identically zero. Hence 
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the number of solutions required in the theorem is 0 unless tj; = ¢ == tj, = 
[this is indeed directly evident from the eyation c; +c; = cg (mod )} 
Assuming then this condition satisfied, the #’s in the series (2) do not occur 
in ¢,/t or so that 

(ti, te = (3) 
Now divide the ’s in (2) into two isn according as they do or do not occur 
in ¢,/¢ ; denote the f’s of the former class by p and those of the latter class by 
g. We have then 


=¢ 9192 °° ) [(by 3)] 


Hence the series (2) reduces to: 
6(7) 
Now since the f’s are common prime factors of N/t, and /,/t, we have 


$(7) 


Hence (4) reduces to: 


which proves the theorem. 


Cor. (1). Let g, =¢ be the g.c.d. of t;, tj, ty, ge the g.c.d. of their 
l.c.m.’s two at a time, and g, their l.c.m. The Theorem states that the number 
of solutions of c; +c; =c, mod N is zero, unless gg =g, =¢. When 
this condition is satisfied the expression for the number of solutions given in 
the theorem, is equivalent to: 


#0 - 


where the product extends over the prime factors g of N/t, which do not occur 
in g3. To prove this, write 


t; =tT,, t; =tT;, tg =tT,; gy = tT; T; Te, 
where every two of T;, T;, T, are relatively prime. It follows easily that 
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Further, the prime factors of N/t, =N/#T, which do not occur in 
T,, T;, T, are identical with the prime factors of N/t which do not occur 
in 
Hence the alternative form. 


Cor. (2). It is clear that the number of solutions required in the 
theorem is equal to y,* 4(N/t,). Hence 


N N 


$(7) 


according as the g.c.d. of every two of ¢;, t;, t, is the same number ¢ or not, 


r 0, 


the product extending over the prime factors q of = which do not occur in 
IV. Alternative Evaluation of y;;* by the Theory of 
Multiplicative Functions. 


The above direct evaluation of y,; will now be confirmed by a less direct 
but more elegant method. The number of solutions of 
c;+c; =c, modN, 
is equal to d(N/t,) y,*. Now, m and —m always belong to the same class 
mod N. Hence this number of solutions is also the number of solutions of 
+c; +c, =O mod N. 
It is clear that this number v(N, ¢;, ¢;, ¢,) (say) is a symmetric function 
of t;, t;, tg. More generally we may define the function v(N, M,, My, Mg) as 
the number of solutions of 
= 0 mod N, 
with the condition that c; is to belong to the same class mod N as M; (i = 1, 2, 
3). It is clear that v(N, M,, M2, Ms) is a function symmetric in the arguments 
(M,, Mz, Ms) and depending on M,, Mz, Mg only through the residue classes 
mod N, to which they belong. 
THEOREM V. The function v(N, M,, Ms, Ms) ts a multiplicative* function 
of its four arguments, 


For the Chinese remainder theorem asserts that if N,N’ be relatively 
prime, there is a unique number mod NN’ which is equal to two given numbers 


* A function f (Mi, Me,-...) of positive integral arguments is said to be multiplicative 
if f(M\Nj, oe = f (M,,Na, -) / (Ni,Ne, see -) whenever 
prime to (N,N»-...). For the properties of such functions, see R. Vaidyanathaswamy, 


“The Theory of Multiplicative Arithmetic Functions,” Trans. Am. Math. Soc., 33, 2, 
pp. 579-662. 
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mod N and N’ respectively. Further the unique number med NN’ which 
is equal to a number of class ¢ (a divisor of N) mod N, and to a number of 
class ¢’ mod N’ must evidently belong to class #’ mod NN’ ; and conversely, 
Now Ict ¢; be the g.c.d. (N, M,) and #,;’ the g.c.d. (N’, M,’). If NM,M.M, be 
prime to N’M,’M,’M,’, then »v (NN’, M,M,’, M.M,’, M,M,’) is the number 
of solutions of the equation : 
ki +k, +k, = 0 mod NN’, (1) 

where k; belongs to the class ¢t;’ mod NN’. This implies each of the equa- 
tions 

+h, +k, = 0 mod N (2) 

k, + kp +h, = 0 mod N,’ (3) 
where k; is a number of class ¢; in (2) and a number of class /,’ in (3). ‘Thus 
each solution of (1) yields a unique solution of (2) and a unique solution of (3). 
Conversely, since there is, by the Chinese remainder theorem, a unique 
number of class i,t;) mod (NN’) wrich is equal mod N to a given number 
of class ¢;, and mod N’ to a given number of class #,’, it follows that any solu- 
tion of (2) can be combined with any solution of (3) so as to produce a unique 
solution of (1). Hence the number of solutions of (1) is the product of the 
numbers of solutions of (2) and (3); or: 

v(NN’, M,M,’, M,M,’, M,M,’) = v(N, M,, My, My) v(N’, My’, My’, My’) 
if NM,M,M, is prime to N’M,’M,’M,’. 
This proves the multiplicative property of the function v(N, M,, Mg, Mb). 
A similar proof holds fer the corresponding function defined in the same 
way for more than three arguments M. 
THEorREM VI. The function v(N, M,, Mg, ....,M,) defined as the number 
of solutions of the equation 
Cy +e, +.... modN, 
where c; belongs to the same class mod N as M;, is equal to 


VIN, 
where g, is the g.c.d. and g, the l.c.m. of My, Me,...., M, and g; the g.c.d. 
of their l.c.m.’s i at a time.t 
For since the function v is multiplicative, it is sufficient to prove the result 
when all the arguments are powers of a prime f; 1.¢., it is sufficient to prove 
the theorem for v (p%, pé:,p42,...., per). Since however v is symmetric in 


T 91, G2)-+++gr were called the successive g.c.d.’s of Mi, Mo,----,Myin my paper “on the 
Arithmetico-logical symmetric functions of n Attributes”, Proc. of the Ind. Acad. of 
Sciences. The index of any prime p in g; is the ith in ascending order of its indices in 
M,, Me, My 
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the arguments M,, My,...., M,, we can rearrange p‘i, péz,...., per in the 
ascending order of indices without affecting the value of the function. This 
rearrangement is equivalent to replacing /*1, p*?,---, p*r by their successive 
g.c.d,’>. Thus the thecrem is proved when the arguments are powers of a 
prime, and therefore for the general case. 
Cor. If g;’ is the g.c.d. of g; and N, 
v(N, M,, Mg, = v(N, oe .) = v(N, £1 » oe 
For the values of g), ,.... are relevant to the value of v, onl) through 
the classes mod N to which they belong. 
N N 
THEOREM VII. v (N, M2, M;) = IT ~ i) or zero, 
53 1 
according aS g, = + go, where & are the g.c.d.’s with N of the 
successive g.c.d.’s of My, Mg, Mg and the product extends over the prime 
factors q of i. which do not occur in ®8, 
1 1 
For, v(N, My, Me, Ms) = v(N, £1, 22, 82) is the number cf solutions 
C, +c, = 0 mod N, 
where c; belongs to the class g; (7 == 1, 2, 3) ; that is, of 


+ hy = 0 mod 
1 


where k, is prime to and ke, kg belong to the respective classes Se m4 


mod This congruence has evidently no solution if g, *« g,; if 22 = gy, 


by Theorem II, the number of solutions is IT 
8&3 


as stated. 
Cor. If M,, Me, Mg belong to the classes C;, C;, C, respectively mod N, 
then v (N, M,, Mg, Mg) = Hence 
k 


= 
THEOREM VIII. 
v(N, M,, Ma, M,) = Zz 


1 
~ 
v(N,M,,Mg,-- +, Mg, My 2) 
N 
#(7) 


where the sum extends over all divisors t of N. 


For, the solutions enumerated in v(N, M,, Me,....,M,) are also the 
solutions of the simultaneous equations 
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+.... +¢, = m(mod N) 


+e, = —m (mod N) (m = 1, 2,,N), 
where c; belongs to the same class as M;. When m is a given number belong- 


ing to the same class as the divisor ¢ of N, the number of solutions of these two 
equations is : 


v (N,My.Mg, ...- My, #) ----, My, 
N N 
( 4 ( 


N 
Hence, when m varies over the ¢ (7) numbers of class (¢), the number of 


solutions obtained is ¢ (+) times this number. By summing over all the 


divisors ¢, we get the result cf the theorem. 


V. The Class-Division of a Group. 


THEOREM IX. There exists a division of the elements of a group G, into classes 
which combine among themselves by the group operation, corresponding 
to every group G, of automorphisms of G. 


For, let each element of G with all the elements into which it is trans- 
formed by the automorphisms in G, be put intoaclass; the classes thus 
formed combine among themselves by the group-operation. For if c, an 
element of the class C, occurs precisely ¢ times in the set C; C;, then if g is 
any automorphism comprised in G,, the element g(c,) must occur precisely 
¢ times in the set g(C,C;) = g(C;).g(C,) ; that is to say, in the set C,C;. 
By proper choice of g, g(c,) can represent any element of the class C,, 
which proves the theorem. 


If Gy is any subgroup of G,, it is clear that the class-division correspond- 
ing to G, is obtained by a subdivision of the classes C corresponding to G,. If 
G, is the group of inner automorphisms we obtain the class-division into 
conjugate sets and the associated Frobenius algebra of the group. If G, is 
the total group of automorphisms of G, the corresponding class-division is a 
maximal one, in the sense that every other class-division (e.g., the division into 
conjugate sets of elements) arises by a subdivision of the classes corresponding 
to the maximal division. Thus the maximal division arises by grouping 
together certain conjugate sets of elements into classes. In certain cases, 
the maximal classes consist of all elements of the same order of the group. 
It will be seen presently that this is the case in Abelian groups. Whether 
this is the case in other classes of groups (fer example, in groups of odd order! 
I am unable to say definitely. 
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An Abelian group has no inner automorphisms other than the identical 
automorphism. A cyclic group of order N is abstractly identical with the 
additive group of residue-classes mod N. The (outer) automorphisms of 
the cyclic group correspond to the multiplication of the residue-classes by a 
number prime to N. The class-division of the numbers mod N which we 
have discussed is precisely the maximal class-division which corresponds to 
the total group of automorphisms of the cyclic group. It is clear that in this 
division the elements of a class are all the elements of the group of a given 
order. This division can be obviously extended to any Abelian group. 


q 
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1. 


In a recent communication to these Proceedings! the author gave a preliminary 
account of the Raman spectra of a few compounds belonging to the nitrogen 
group. The obvious incompleteness of the data reported therein for some of 
these substances—these are crystalline solids under ordinary conditions—as 
well as the iniportance of a detailed elucidation of their spectra from the 
standpoint of the electronic theory of valency was realised and emphasised 
in the same paper. In the meanwhile, a new technique has been developed 
by the author which has rendered it possible for the first time to photograph 
the complete Raman spectra of crystal powders, and even of amorphous sub- 
stances with as much facility and elegance as in the case of liquids by the 
well-known method due to Prof. R. W. Wood. Although a brief report of 
the new technique and also of some of the results obtained have already 
appeared,* a short description of the exact experimental arrangement employed 
by the author and of certain improvements that have been effected subsequent 
to the publication of the notes referred to above are added in the next section. 
The present papet which is the first of a series deals with the results obtained 
in the case of NH,F, NH,Cl, NH,Br, NH,I, and (NH,),SO, all of which have 
been studied in the solid state. All the chemicals excepting NH,I were 


Kahlbaum’s purest reagents; ammonium iodide was prepared from NH, 
and HI. 


Introduction. 


2. Experimental: Technique of Complementary Filters. 


Although the powder technique for photographing the Raman spectra 
of crystalline solids originated by Menzies* and Bart has been applied to the 


R. Ananthakrishnan, Proc. Ind. Acad. Sci., A, 1935, 4, 2)4. 
R. Ananthakrishnan, Curr. Sci., 1936, 5, 131. 

R. Ananthakrishnan, Nature, 1936, 138, 803. 

3. A.C. Menzies, Nature, 1929, 124, 511. 

R. Bar, Nature, 1929, 124, 692. 
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study of a variety of crystals, it is well known that at best only the strongest 
Raman lines can be recorded by this method. ‘This is because of the powerful 
continucus spectruin that extends ove: the entire plate and obliterates all 
the fainter lines even when the durati 1 of exposure is comparatively short. 
The origin of this continuous spectrum has been very often attributed to 
the continuous spectrum present in the mercury arc light itself, but attempts 
to get rid of it have hitherto been entirely futile. After some preliminary 
work, the present author soon realised that the continuous spectrum was 
actually due to the intense illumination in the interior of the spectrograph 
caused by the powerful light of the mercury arc reflected by the crystal faces. 
The difficulty was therefore successfully overcome by the selective absorption 
of the exciting line from the scattered light before the latter was admitted 
into the spectrograph. 

The experimental technique will be sufficiently clear from Figs. la and 1d. 
Mercury are light filtered by a moderately strong solution of todine in CCl 
falls on the crystal powder contained in the inner of the two concentric 


Fic. 1 (a). FIG. 1 (8). 


tubes A. The transversely scattered light is collected by the lens IL, and 
is focussed on the slit S of the spectrograph after it has passed through a glass 
cell B which contains a solution of NaNO, of suitable strength. Filter A, 
provided it be of sufficient strength and thickness (these can be easily adjusted) 
transmits freely 4 4046 of the mercury arc, which therefore serves as the 
exciting line while it practically absorbs the entire mercury spectrum to 
the longer wave-length side. Filter B, the concentration and thickness of 
which car also be varied, transmits the spectral regions to the longer -wave- 
length side of A 4046, while it has gct a fairly sharp cut off to the shorter 
wave-length side starting from very near 4 4046. The exciting line is thus 
considerably weakened if not completely absorbed before the scattered light 
enters the spectrograph, and this procedure results in a vast improvement 
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in the technique of the photography of the Raman spectra of crystal powders, 


Indeed, exposures of duration comparable to that in the case of liquids are do 
rendered possible, and the photographs so obtained reveal a corresponding wi 
wealth of detail and information in the case ot every one of the crystal en 
powders which the author has so far examined. th 
The above technique, however, fails to reveal the presence (if any) of sh 
Raman lines between Av = 1650 and Av = 1760cm.! because of the - 
presence of the A 4358 group of mercury lincs in this region, which, although eo 
considerably enfeebled by the iodine filter are nevertheless recorded cn the * 
plate. A simple modification of the technique has been found to overcome . 
this difficulty. A very dilute solution of iodine in CCl, is employed in place of ql 
the original strong solution. ‘This freely transmits the mercury lines A 4046 
and A 4358 which therefore function as the exciting lines, while ‘his filter 
has got the remarkable property of absorbing practically completely the 4916 : 
group of feeble mercury lines as well as the powerful green line X 5461. The ; 
necessity and importance of cleaning up the A 4916 region, particularly in P 


working with crystal powders using A 4358 excitation is only too well known, 
and although various filters have been suggested for this purpose, it appears 
that the above filter is the ideal one. When employing this filter, a very 
dilute solution of KCrO, serves as the filter B in front of the slit of the spectro- 
graph.* Its concentration and thickness are so adjusted, that it absorbs the 
violet end of the spectrum up to A 4358, suitably weakens the exciting line 
A 4358 itself, and transmits freely the spectrum to the longer wave-length 
side of A 4358. Thus two photographs taken first with a concentrated and 
then with a dilute solution of iodine in CCl, to filter off the exciting light 
with the corresponding complementary filters give the complete spectral 
details of the substance under investigation.t 


The remarkable stability of the iodine filter apart from its other proper- 
ties mentioned above renders it extremely useful in powder work as an efficient 
filter for the incident light. The solution of NaNO, has got a sharp and steep 
absorption edge near A 4046 and so forms an efficient combination with the 
iodine filter. The absorption edge of the KCrO, solution is, however, not so 
sharp, but extends over a few hundred wave numbers ; it is therefore unsatis- 
factory for investigating Raman lines which fall close to the exciting line 
A 4358. 


* The absorption band of KCrOy, solution as given in the absorption chart in Prof. 


R. W. Wood’s Physical Optics, 1934, p. 16, seems to be incorrect. 
solution, the absorption extends beyond A 4358. 


Tt The technique ought to be extended to the green and yellow lines of the mercury 
arc so as to enable the investigation of coloured solids. 


Even for a dilute 
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Unlike liquids and gases, increasing the depth of the illuminated column 
does not give a corresponding increase in intensity of the scattered light 
when working with crystal powders, and in practice, it is unnecessary to 
employ a depth exceeding a centimetre or two. Increased intensity of 
the scattered light can only be secured by increasing the illumination of this 
short column, and this is realised by the use of a cireular are of the type shown 
in Fig. 1b and placing the Raman tube containing the crystal powder at its 
centre. Such an are is easily made out of a tube of pyrex glass about a centi- 
metre in diameter, and works continuously for any length of time when 
cooled by a stream of air from a fan which serves at the same time to prevent 
the filter A as well as the crystal powder from getting unduly heated. 


3. Results. 

Photographs of the Raman spectra obtained by the new technique are 
reproduced in Fiz. 2. The following table gives the frequency shifts, relative 
intensities (visual) and nature of the observed Raman lines or bends for the 
substances studied in the present paper :-— 


s = sharp k = 24046 
b = broad i = A4078? Exciting lines. 
d = diffuse e = 44358 
TABLE I. 
NH,F NH,Cl NH,Br NH,I | (NH,).SO, 


(984) (k) 6s 
? (1398 (k) 1s |1395(k) 1 ? [SO,"" ion] 
(1424 (k) 0d 


2 3s | 1690 (e) 6s | 1665 (k)? 0 
1750 (e) 18 


2009 (k, e) 1bd | 2000 (kx) ? 00d 
2262 (k) 4d 
(K) Sbd | 2813 (k, ©) 3bd | 2800 (k, e) 3d | 2780 (k) 
(incompletely 

resolved)| 


3040 (k,e) Sbd | 3025 (k, e) 8bd | 
3100 (k, e) 4bd | 


3088 (k) 2ba_ 
| 3142 (k, e) Sbd | 3126 (k, e) 6bd (3160 (k) $bd 


4. Discussion of Results. 


The Raman spectra of the ammonium salts are of great interest because 
apart tom the question cf the constitution of the ammonium ion which is a 


= 
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problem of interest and importance, one might, perhaps, expect to gain some 
insight into the nature of the rotational motion of molecules in crystals, the 
existence of which has been predicted by Pauling® from theoretical considete- 
tions. ‘Thus, in the case of the ammonium salts, the [NH,j* icn is suppesed 
to be executing free rotation at ordinary temperatures, the rotational motion 
gradually subsiding and giving place to angular oscillations of diminishing 
amplitude as the temperature is progressively lowered. 


The Raman® and infra-red absorption’ spectra of the ammonium salts in 
the crystalline state have attracted a good deal of attention. The results of 
the earlier workers on the Raman spectra are incomplete, presumably because 
of the difficulty experienced by them in obtaining good photographs. Recently, 
Holmes® has succeeded in recording the complete Raman spectrum of NH,Cl 
by working with a single crystal of the substance the preparation of which 
appears to have taken him nearly a month. While Menzies and Mills® came 
to the conclusion that many of the observed facts relating to crystalline 
NH,C! and NH,Br could be explained by assuming a tetrahedral structure for 
the [NH,]* ion, Holmes concluded that his results tended to show that the 
symmetry of the [NH,]* ion in crystalline NH,Cl departs from the usually 
assumed tetrahedral structure. The object of the present investigation was 
to make a detailed comparative study of the Raman spectra of all the four 
ammonium halides at room temperature. Such an investigation is lacking 
and is obviously necessary before any definite conclusions can be drawn. 


(1) NH,Cl and NH,Br.—We shall consider the Raman spectra of these 
salts together because, it is known from X-ray work§ that at room temperature 
both ammonium chloride and ammonium bromide possess the caesium- 
chloride structure, (body centred cube) each ammonium ion being surrounded 
by eight halogen ions at the corners of a cube. The following tables give a 
comparison between the Raman and infra-red absorption frequencies of these 
two substances at room temperature. 


5. L. Pauling, Phys. Rev., 1930, 36, 430. 


6. C. Schaefer, F Matossi and H. Aderhold, Z. f. Phys., 1930, 36, 430. 
A. Kastler, Bull. Soc. Chim. France, 1932, 51, 728. 
F. T. Holmes, Phys. Rev., 1932, 41, 389. 
I. R. Rao and C. S. Rao, Z. f. Phys., 1934, 88, 127. 
A. C. Menzies and H. R. Mills, Proc. Roy. Soc., A, 1935, 148, 407. 
F. T. Hoimes, Jour. Chem. Phys., 1936, 4, 88. 


7. O. Reinkober, Z. f. Phys., 1921, 5, 192. 
L,. Wilberg, Z. f. Phys., 1930, 64, 304. 
R. Pohlman, Z. f. Phys., 1932, 79, 394. 


8 See R. W. G. Wyckoff, The Structure of Crystals, 1931, p. 227. 
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TABLE II. NH,Cl. 
Raman Infra-red 
| 
n Menzies and Holmes Author Pohlman* Wilberg Reinkober 
Mills (1935) (1936) (1937) (1932) (1930) (1921) 
| 
1400 1407 (2) eo (1s) {1413 (6) | 1415 | 1415 
il (unresolved ; (1424 (0d) | (1424 (2) 1436 | 
f doublet) | 
| 
(1712 (5) (3s) 
’ (1758 1768 (2) 1750 (1s) 1773 (4) 1767 | 1767 
2010 (2) | 2009 (1bd) | 2020 | 2020 
| 
2353 2353 2353 
tr 2824 (7) 2813 (3bd) 2857 (2) | 2825 2857 
: 3040 3041 (20) 3040 (8bd)|| 3059 (6) | 3012 
y 3087 
S 3163 3146 (15) 3142 (5bd)|) 3164 (8) 3106 | 
| | 
(3232) | 
(3303) 
TABLE IIT. NH,Br. 
4 
Raman | In-frared 
1 Kastler Menzies & | Author | Pohlman* Reinkober 
(1932) | Mills (1935) (1937) | (1932) (1921) 
| 
1380 1395 (1) {1408 (10) 1408 
1420 (1439 (2) 
1689 1690 (6s) 1730 (4) 1694 
2000 (2?) (00d) 2041 
2353 2326 
| 
2310 2800 (3d) 2833 (2) 
3030 3032 3025 (8bd) | 3049 (5) 
3106 
3130 3140 3126 (6bd) 3154 (8) 
| | 
*The relative intensities of infra-red absorption given in this column are visual estimates 
from the absorption curves given by Pohlman. 
A6 F 
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If, as it appears justifiable to conclude, it is assumed that all the Raman 
frequencies observed in the case of these two ammonium halides are due to 
the [HN,]* ion, then one has to identify nearly six distinct frequencies as 
those appertaining to this ion in these crystals. ‘These lie in the neighbour- 
hood of 1400, 1700, 2000, 2800, 3000 and 3100 cm.-! respectively. The 1400 
frequency is faint but sharp in the chloride and is accompanied by a diffuse 
companion. ‘The corresponding frequency is faint but somewhat more 
diffuse in the bromide. The 1700 frequency is strikingly different in the 
two cases, a feature which has not been noticed before. It is sharp and very 
intense in the bromide, but is less intense and is split up into two components 
in the chloride. There is no such difference in the case of the corresponding 
infra-red absorption. ‘The frequency Av ~ 2000 is a diffuse band in the case 
of NH,Cl; the presence of the corresponding band in the spectrum of the 
bromide is uncertain. It might be noted that the Raman spectrum of the 
hydrazinium ion [N,H,|** in crystalline N,H,:2HCl shows a band in exactly 
the same position. The remaining three frequencies are all diffuse bands 
and present more or less a similar appearance in the two cases. Of these 
three, the one at 2800 shows an asymmetric structure. It has got a fairly 
sharp edge towards the side of the exciting line, but is diffuse towards the 
other side. It is also less intense than the other two bands which are the most 
intense in the whole spectrum. Of these two, the band of lesser shift is more 
intense than the other, the difference in intensity being more conspicuous in 
the chloride than in the bromide. It might be of interest to mention that 
when employing the technique of complimentary filters, these two bands 
can be seen very clearly with the naked eye as soon as the complementary 
filter B is brought in front of the slit of the spectrograph, but when it is 
removed, the bands are lost in the general illumination. 

Holmes has given for NH,Cl two other frequencies 3232 and 3300 which 
he calls subsidiary frequencies of the [NH,]* ion. When employing 4046 
excitation, the author has observed on his plates two faint bands following 
the two intense ones mertioned above. Careful measurement and intensity 
considerations show that these can be regarded as the corresponding A 4078 
excitation, so that the author is unable to confirm the reality of these bands. 

(2) N#H,I.—-The crystal structure of this substance at room temperature 
is of the rocksalt type, each ammonium ion being surrounded by six equi- 
distant halogen atoms. At low temperatures, the ammonium iodide lattice 
changes over to the caesium chloride structure so that it becomes isomorphous 
with the chloride and the bromide. At higher temperatures, the chloride 
and the bromide are transformed to the rocksalt structure. ‘Thus the three 
ammonium halides exhibit polymorphism. 


‘ 
( 
( 
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Ammonium iodide prepared from NH, and HI was coloured pale yellow 
but the crystals became perfectly colourless on repeated washing with acetone 
as recommended by Menzies and Mills. Two separate photographs were 
obtained in the manner explained in Section 2, but the spectrum in either 
case was weaker than that of the chloride or of the bromide. However, 
since the background was quite clear, the corresponding frequencies even if 
only faintly present covld not have escaped notice. 

As can be seen from Table I, the Raman spectrum of NH,I at room 
temperature is very different from the spectra of the other two halides 
considered above. While the chloride and the bromide show two strong 
bands in the 3000 region, the spectrum of the iodide shows only a single 
diffuse band in this region. Its position (3100 cm.-!) is somewhat midway 
between the above two bands. ‘The band near 2800 appears to be present 
in the iodide, although its relative intensity has gone down considerably. 
The frequency near 1700 is doubtful, and in any case is very much less intense 
than the corresponding frequency for the chloride or the bromide. The 
band. near 2000 is absent ; the frequency near 1400 is probably too feeble 
to be recorded. 

The infra-red frequencies of NH,I at room temperature observed by 
Reinkober are 3106 (strong), 2342 (weak), 2000 (doubtful), 1667 (doubtful) 
and 1398 (strong). Menzies and Mills have observed two frequencies 
3021 (strong) and 1662 in the Raman spectrum of NH,I at —50°C., when 
its crystal structure is of the caesium chloride type. 

(3) NH,F.—Crystals of NH,F belong to the hexagonal system (wurtzite 
type) and do not exhibit polymorphism as the crystals of the other three 
halides. ‘The substance investigated was Kahlbaum’s analytical reagent 
and contained as per specification 5° of the double salt NH,F-HF. It 
attacks glass, but there was no difficulty in photographing the spectrum in 
the usual manner. Only A 4046 excitation was employed and the spectrum 
thus obtained was much less intense than in the case of the other halides 
in spite of comparable conditions of illumination and exposure. Comparison 
with the infra-red frequencies observed by Reinkober is given below : 
| 


| 2bd) 287 
Raman (2bd) = (3bd) 


2262 (4d) ? 


| 
Infra-red 2857 2222 2000 1667 (?) 1495 


(4) (NH,),SO,.—The crystal structure of ammonium sulphate is ortho- 
thombic. The Raman spectrum of the ammonium ion was extremely feeble 
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in this case. Barring the totally symmetric vibration frequency of the SO,-- 
ion, which was strongly recorded, the plate showed only a very diffuse band 
with a frequency shift of approximately 3160 cm.-! We see that the anion 
in this case has a profound influence on the vibrations of the ammonium ion. 
Pohlman’s infra-red measurements also reveal a similar influence. 


5. Conclusion. 


From the preceding section it is clear that the Raman spectrum of the 
ammonium ion in the case of crystalline ammonium salts is dependent inti- 
mately upon the crystal structure as well as upon the nature of the anion. It 
follows therefore that a satisfactory and unique interpretation of the observed 
results can only be obtained if we consider the vibrations of the ammonium 
ion in its crystalline environment. ‘The chloride, the bromide and the iodide 
are from this standpoint the simplest because of the comparatively simple 
crystal structure of the salts and also because the anion being monatomic 
cannot give rise to vibrationai frequencies of its own. But even in these 
cases, the spectral facts do not admit of a simple interpretation. 


Taking first the chloride and the bromide, we see that in spite cf the 
strong resemblance between their spectra, there are at the same time differ- 
ences which cannot be ignored. Judging merely from the number of 
frequencies, one might conclude, as Holmes did in the case of NH,Cl, that 
the [NH,]* ion in these crystals has not got the symmetry of a regular 
tetrahedral molecule such as CHy. Indeed, there is very little comparison 
between the spectra of these crystals and the Raman spectrum of methane. 


Holmes investigated the Raman spectrum of NH,CI at high temperature 
when its crystal structure is of the rocksalt type. He found that in place 
of the two bands in the 3000 region observed in the spectrum at ordinary 
temperatures, there was only a single broad and very intense band, the 
frequency shift of which was found to be 3102 cm.-! Practically all the 
other Raman frequencies observed in the spectrum at ordinary temperature 
were also present in the spectrum of the high temperature modification of 
the chloride, but his results show a distinct fall of intensity for the 1700 and 
2800 Raman shifts. These facts suggest a broad resemblance between the 
Raman spectrum of NH,I at room temperature and that of NH,Cl at high 
temperatures when they both possess the same crystal structure. 


Menzies and Mills have tried to give an explanation of their results on 
the Raman spectra at room temperature as well as at low temperatures, as 
also of many peculiar and interesting properties such as anomalous heat 
capacity, piezo-electric behaviour (NH,Cl), double refraction (NH,Br), etc., 


shown by crystalline NH,Cl and NH,Br at low temperatures by basing 
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themselves on the tetrahedral model of the ammonium ion—as suggested 
by the crystal structure of these halides—-and by adopting the view put 
forth by Pauling that above a certain transition temperature (about — 30°C.) 
rotation of the [NH,]* ion sets in in the crystal lattice of these salts. Thus, 
according to these authors, the following comparison can be drawn between 
the fundamental vibrational frequencies cf [NH,] * and CH,. 


Doubly Triply degenerate 
CH, 2915 1520 3022 1304 
[NH,]* 3043 1712 3123 1403 


One important feature of the spectra of crystalline NH,Cl and NH,Br 
which has not received adequate emphasis by the previous workers might 
be pointed out in this connection. We see from Tables II and III that practi- 
cally all the Raman. frequencies of these two substances have their analogues in the 
corresponding infra-red absorption spectra. ‘This seems to be true also for the 
fluoride and the iodide although the infra-red spectra of these two substances 
have not been so thoroughly investigated as those of the other two halides. 
This result is indeed very significant becaus it is entirely at variance with 
what we should expect for a regular tetrahedral molecule. Whether this 
result indicates an actual departure of the [NH,j* ion from the symmetry 
of a regular tetrahedron can only be decided after the influence of the 
electric field of the surrounding halogen ions on the vibrations of the [NH,]* 
ion has been carefully considered. 


Some other points that come out of the present investigation might 
also be mentioned. ‘The Raman band near 2800 occurs in the spectra of 
all the four halides. It might be the octave of the 1400 Raman frequency, 
but if this were so we have the somewhat strange and interesting result thet 
the octave in all cases is very much stronger than the fundamental. It is 
also not improbable that at least in the chloride and the bromide of ammo- 
nium at room temperature, there is an accidental degeneracy (1400 + 1700 
= 3100) which causes the splitting of the 3100 frequency into the two 
observed components. A more comprehensive study of the Raman spectra of 
allthe ammonium halides covering a wide range of temperature is perhaps 
necessary before any definite conclusions can be drawn on the constitution of 
the ammonium ion. There is, however, little doubt that the crystalline 
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field has a large influence on its vibrations and presumably also on its actual 
configuration in the crystal lattice. 


The author’s respectful thanks are due to Professor Sir C. V. Raman 
for his kind interest and suggestions in the course of the present work. 


Summary. 


The paper describes a new technique which has beer developed by the 
author for photographing the Raman spectra of crystal powders. It consists 
essentially in employing a fairly monochromatic beam for excitation, and 
absorbing the exciting line from the scattered light before the latter enters 
the spectrograph, and invclves thus the use of a pair of complementary 
filters. The new technique enables for the first time to obtain Raman 
spectrograms of crystal powders which are as elegant and rich in detail as 
those of liquids. The Raman spectra of NH,F, NH,Cl, NH,Br, NH,I and 
(NH,).SO, in the crystalline state at room temperature have been examined 
by this method. The Raman spectrum of the ammonium ion shows a 
pronounced dependence upon the crystal structure of the salt as well as 
upon the nature of anion. ‘The spectra of crystalline NH,Cl and NH,Br 
at room temperature are particularly intense, and comprise about six distinct 
frequencies. ‘These crystals are isomorphous at this temperature and there 
is a striking general resemblance between their spectra in spite of individual 
differences. All the Raman frequencies of the ammonium ion in these two 
substances have their analogues in the infra-red absorption spectra. ‘This 
result is very significant and although it suggests a priori the lack of tetra- 
hedral svmmetry fer the [NH,]* ion, it is pointed out that the influence of 
the crystalline environment on the vibrations of the ion hes to be carefully 
considered before any definite conclusions are drawn. ‘The spectra of NH,I 
and NH,F are weaker than and differ from those of the other two halides. 
This might he due partly to the fact that their crystal structure at room 
temperature is different from that of the other two halides. The Raman 
spectrum of the ammonium ion is extremely feeble inthe case of (NH,),SO, 
which shows the enormous influence of the complex anion on the vibrations 
of [NH,]*. 


Ananthakrishuan. Proc. (nd. Acad. Sai., A, vol. V, Pl. 111. 
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FIG. 2. Raman spectra of crystalline ammonium halides. 


+ 
x ~< NN 
i 
= = oom 
N N os os 
‘ 
On 
3 = 
Av> a 
| San 
oon 
N 


7 
IN 
ob 
ni 
th 
of 
ex 
of 
si 
it 
t! 
( 


THE RAMAN SPECTRA OF CRYSTAL POWDERS. 


II. The Chlorides and Sulphates of Hydroxylamine and Hydrazine. 


By R. ANANTHAKRISHNAN. 


(From the Department of Physics, Indian Institute of Science, Bangalore.) 


Received January 19, 1937. 
(Communicated by Sir C. V. Raman, kKt., F.R.S., N.L.) 


In previous communications! the author has described a new method for 
obtaining Raman spectrograms with crystal powders. The present paper 
reports the results obtained by this method in the case of hydroxylammo- 
nium and hydrazinium ions, and forms the sequel to the investigation of 
the ammonium group published separately in these Proceedings.2 Crystals 
of the chlorides and sulphates of hydroxylamine and hydrazine have been 
experimented with, and the results are compared with the Raman spectra 


of the aqueous solutions of these substances investigated on a former occa- 
j 3 
sion. 


Introduction. 


2. Experimental. 


The crystals employed were Kahlbaum’s purest chemicals. The excit- 
ing line was A 4046 of the mercury arc and the duration of exposure amount- 
ed to about 72 hours in each case. A Fuess spectrograph was employed in 
the investigation. 


3. Results. 


The following table gives the Raman frequencies with the estimated 
(visual) relative intensities and observed structural characters : 


s = sharp k = A 4046 
b = broad Exciting lines 
d = diffuse i = A 4078 


1 R. Ananthakrishnan, Curr. Sci., 1935, 5, 131. 
R. Ananthakrishnan, Nature, 1936, 138, 803. 
R. Ananthakrishnan, Proc. Ind. Acad Sci., A, 1937, 5, 76. 


2 R. Ananthakrishnan, Loc. cit. 


3 R. Ananthakrishnan, Proc. Ind. Azd. Sci., A, 1936, 4, 204. 
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TABLE I.* 


NH,OH-HCI | (NH,OH),-H,S0, | | 


| (465) (k) 4d 
| (614) (k) 0 


(978) (k,i)8s (965) (k, i) 10s 
999 (k, i) 15s 1000 (k) 68 | 1024 (k,i) 10s | 1050 (k, i) 88 


1012 (k, i) 88 
1065 (k) 4d 
1168 (k) 4s 2(1117) (k) jd 


1463 (k) 


43 
1493 (k) 6s 1498 (k) 4d 
1551 (k) 4s 1547 (k) 1d | 1519 (k) 3 1537 (k) 1d 
1571 (k) 4s 1596 (k) ld | 1594 (k) 1 1608 (k) 4d 


2009 (k) 


2630 (k) 1d | 2544 (k) 3bd 
2763 (k) 3d 9743 (k) 4bdd | 2610(k) 2 
9927 (k) 3b 2962 (k) 3bd | 2660 (k) 1 
3005 (k) 4bd 2735 (k) 3bdd 
3045 (k) 3bd 2805 (k) 1d 
3173 (k) 2bd 3126 (k) 2bdd | 2865 (k) 2d 
(double band) 3250 (k) sbdd | 2937 (k) 2d 
2980 (k) 2d 
3030 (k) Od 
3075 (k) Od | 3094(k)  Ibbdd 
3183 (k)? 00d 


* Frequencies enclosed in brackets ( ) are due to the internal vibrations of the 
(SO4)>"ion. 
4, Discussion. 
(1) NH,OH-HCIl and (NH,OH),-H,SO,—The Raman spectra of the 
aqueous solutions of these substances have been already reported by the 
author. Excluding the water bands in the 3 region, the aqueous solution 
of NH,OH-HC1 showed a sharp and intense line shifted by 1008 cm. and 
a weak, broad and diffuse band at about 2960 wave numbers. Practically 
identical results were obtained for the aqueous solution of the sulphate, the 
spectrum of which showed in addition the characteristic frequencies of the 
(SO,)-- ion as well. Although attempts were made on that occasion to 
photograph the spectrum of crystalline NH,OH-HCI, the photograph obtain- 
ed was very unsatisfactory, and showed only a single shift at 1000 cm. 
Compared with these results, an amazing wealth of detail is revealed 
by the spectrograms of the crystalline salts photographed by the new 
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technique. We shall first consider the spectrum of Nil,OH-HCI crystals. 
Since the anion ©] is monatomic, it might be justifiable to assume that all 
the Raman frequencies ohserved in the spectrum of this substance arise from 
the vibrations of the cation, the hydroxylammonium ion, [H;N-OH]*. We 
might therefore expect a certain broad similarity with the Raman spectrum 
of methyl alcohol, H,C-OH, although it ought to be borne in mind that devi- 
ations are bound to exist because of the influence of the electric field of the 
neighbouring ions in the crystal lattice. 


TABLE IT. 
[H,N-OH]* | 999 1168 1463 (48) | 2630 (1d) ? 
| (15s) (4s) 1493 (68) | 2763 ($d) 


1551 (4s) | 2927 (3b) 
| 1571 (48) | 3005 (4bd) 
| 3045 (3bd) 
3173 (2bd) 
(double 
band) 


1109 (1b) 


1454 (5b) | 2729 (1) 3430 (4bd) 
(10b) | 1166 (1b) 


2833 (6b) | (O-H band) 
2944 (4) 
2980 (2) 


The frequencies of the [H;N-OH]* ion may be divided inte three groups. 
The intense sharp line at 999 cm.-? has its origin primarily in the N-O 
vibration. There is a small but definite increase in this frequency in the 
case of the aqueous solution.4 Between 1000 and 160C@ cm.-! we get five 
Raman frequencies of which the one at 1493 is by far the most intense. 
From the vast mass of experimental data which we now possess on the Raman 
spectra of molecules, we can conclude that these frequencies are due to the 
N-H flextural or deformation vibrations. It is surprising that the frequency 
1493 which comes out strongly in the crystal photograph is practically 
washed out in the aqueous solution of the chloride. The third group of 
frequencies above 1600 represents the N-H valence oscillations. Their 
diffuseness is due in all probability to the crystalline electric field which 
presumably exerts a profound influence on these vibrations. Perhaps, 
rotation of the ion in the crystal lattice' also contributes towards the 


* R. Ananthakrishnan, Loc. cit. 
5 L. Pauling, Phys. Rev., 1930, 36, 430. 


| | | 
H.C-OH 
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observed diffuseness of the N-H bands in the spectra of these crystals. The 
relative sharpness of the Raman lines arising from the flextural oscillations 
as contrasted with the diffuseness cf those arising from valence oscillations 
appears to be a general feature of the spectra of the crystalline halides of 
ammonium, hydroxylamine and hydrazine. Investigation of these substan- 
ces at low temperatures might enable us to gain a better understanding of 
this phenomenon. Indeed, the complex and diffuse structure of these N-H 
bands finds a parallel in the O-H frequencies observed in the case of crystals 
containing water of crystallisation. A systematic investigation of the latter 
has been engaging the author’s attention for some time past, and the results 
will be published in the near future. 


Judging from the number of the N-H valence and deformation frequen- 
cies, it appears likely that the symmetry of the [H,N-OH]* ion in the crystal 
lattice of NH,OH-HC1 is inferior to that of the H,C-OH molecule. It is, 
for instance, extremely doubtful that the NH; group in the ion has the 
symmetry C;,, of the CH, group. Whether this want of symmetry is con- 
nected with the nature of the N-H bonds or is brought about by external 
perturbation remains an open question. As far as the author is aware, 
neither the X-ray crystal structure nor the infra-red absorption frequencies 
of hydroxylamine hydrochloride is available. It will be noticed that the 
O-H oscillation which comes out as a broad and intense band in the spec- 
trum of methyl alcohol does not appear in the spectrum of the [H,N -OH]* ion. 


The spectrum of crystalline (NH,OH),-H,SO, shows at a glance the 
profound influence of the anion (SO,)-~ on the vibrations of the cation. 
The whole spectrum is very much weaker, and the N-H frequencies are 
considerably more diffuse than in the case of the chloride. A strange and 
surprising result is that in place of the single sharp and intense line v(N-O) 
= 999 cm. observed in the Raman spectrum of the crystalline chloride, 
a sharp doublet separated by 12 wave numbers appears in the spectrum of 
the crystalline sulphate. As already pointed out, the aqueous of solution of 
the sulphate shows only a single sharp line in this position, so that we have 
here a striking illustration of the influence of oppositely charged ions on 
their characteristic vibrations in the crystal lattice. The 8(N-H) frequency 
at 1493 which is quite intense in the spectrum of the chloride is considerably 
enfeebled in the case of the sulphate. 


(2) N,H,-2HCl and N,H,-2HC1 as well as its 
aqueous solution examined by the author on a former occasion gave only 
very meagre results. The new technique, however, has yielded for the 
crystalline salt a spectrum comprising no less than 15 Raman frequencies. 
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The photograph in the plate shows the multitude of diffuse Raman bands 
exhibited by this substance in the spectral region above 2500 cm.*. 

As in the case of NH,OH- HCl, we shall assume that all the observed 
frequencies in the case of N,H,-2HC1 arise from the vibrations of the cation, 
in this case the hydrazinium ion [H,N-NH,]**. Some similarity with the 
Raman spectrum of ethane might then be expected. 


TABLE ITI. 


[H,.N-NH,]** 1024 (10s) 1519 (3) 2009 (1bd) 
1594 (1) 2544 (3bd) 
2610 (2) 
2660 (1) 
2735 (3bdd) 
2805 (1d) 
2865 (2d) 
2957 (2d) 
2980 (2d) 
3030 (0d) 
3075 (0d) 
3183? (00d) 


H,C-CH, 993 (3) 1344 (0) 2744 (2) 

2778 (0) 
2899 (6) 
2940 (1) 
2955 (7) 


(gas)* 


* C.M. Lewis and W. V. Houston, Phys. Rev., 1933, 45, 903. 


The most intense line in the spectrum of hydrazine hydrochloride is 
the one at 1024 cm— which represents the N-N oscillation. The two 
frequencies 1519 and 1594 and perhaps also the broad band at 2009 represent 
8(N-H) oscillations. The remaining frequencies which count nearly a dozen 
may be connected with the numerous other vibrations of the hydrazinium 
ion which are due principally to the stretching of the N-H bonds. In spite 
of the formal analogy with ethane, it would seem highly doubtful whether 
the [N,H,j** ion has the same symmetry as that of the ethane molecule. 
Judging merely from the number of frequencies, one is tempted to conclude 
that the NH, groups in this ion have not got the symmetry of the CH; groups 
in ethane ; but such a conclusion is by no means decisive. 

When we examine the spectrum of N,H,-H,SO, we find once again the 
marked influence of the sulphate ion on the vibrations of the [N,H,]** ion. 


| | 
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The frequency of the symmetric vibration of the hydrazinium ion shifts 
from 1024 in the chloride to 1050 in the sulphate. What is more remark- 
able still is the practically complete disappearance of all the frequencies 
beyond 2000 cm.-!, probably because of their lesser intensity and enhanced 


diffuseness. The 8 (N-H) frequencies are still recognisable as very diffuse 
bands. 


(3) Disappearance of the N-H bands in aqueous solutions—From an 
investigation of the near infra-red absorption spectra as well as the Raman 
spectra of aqueous solutions of various nitrogen derivatives, Freymann, 
Freymann and Rumpf® have recently come to the conclusion that the N-H 
bands in the 3p region disappear completely when the covalency of nitrogen 
changes from three to four. Thus, these bands were quite intense in the 
case of aqueous solutions of ammonia, amines, etc., whereas aqueous solutions 
of NH,Cl, NH,OH -HC1, N,H,-2HC1 failed to show any trace of these bands, 
The author’s observations on the Raman spectra of the aqueous solutions 
of these salts lend support to the view that there is a considerable weakening 
of the N-H bands of all these substances when they are dissolved in water. 
It is, however, difficult to assert with certainty that they disappear alto- 
gether. In fact, as has been already remarked, the aqueous solution of the 
salts of hydroxylamine show a broad and diffuse band at about 2960 wave 
numbers. We have also seen that the N-H bands in all these compounds 
are very diffuse even in the crystals, and are considerably influenced by a 
complex anion such as (SO,)--. Apart from a probable influence of the 
solvent on the N-H bands, aqueous solutions of these salts are generally 
somewhat fluorescent, and the consequent background combined with 
the broad and intense water band in the 3p region might easily mask the 
presence of the faint N-H bands in the Raman spectra of these solutions, 


5. Conclusion. 


A definite result coming out for the first time from the authoi’s investi- 
gation of the Raman spectra of crystalline NH,Cl, NH,OH-HC1 and N,H,: 
2HC1 is that the N-H frequencies in these compounds have a very wide 
range extending roughly from about 2500 to 3200 wave numbers, with 
a concentration of intensity near ahout 3900 wave numbers. ‘This range 
is practically identical with that of the C-H frequencies observed in organic 
compounds. A result of some significance is also brought out when we 
compare the N-H frequencies observed in these compounds with those 
observed in the case of ammonia and the amines wherein nitrogen is trivalent. 


6 Mme. M. Freymann, M. M. R. Freymann and P. Rumpf, Jour. de Phys., 1936, 7, 30. 


R. Ananthakrishnan. Proc. Ind. Acad. Sct., A, vol. V, Pt. LV. 


(i) 
(ii) 
FiG. 1. Raman spectra of crystal powders. 
(i) NeHg:2 HCl; (ii) 
(i) 
(ii) 


FIG. 2. Raman spectra of crystal powders. 
(i) NH,OH-HC1; (ii) 


i] 
7 : 
it 


1 
] 
( 
: 
1 
1 
I 
[ 
a 
r 
a 
tl 
is 
is 
a 
: 
it 
C 


The Raman Spectra of Crystal Powders—I1 93 


In all compourds of the latter type, the N-H frequencies always lie between 
3200 and 3500, with a concentration of intensity round about 3300. We 
thus come to the conclusion that when the covalency of nitrogen changes from 
three to four, there ts a definite lowering of the N-H frequency, in other words, 
a weakening of the N-H bond. We have an analogous result in the case of 
organic compounds. Aromatic C-H frequencies always exceed 3000, while 
the C-H frequencies of saturated aliphatic compounds containing no double 
bonds lie between 2500 and 3000 wave numbers. 


The auther’s respectful thanks are due to Professor Sir C. V. Raman 
for his kind interest in the present work. 


Summary. 


The paper reports the Raman spectra of crystalline NH,OH’HCI1, 
(NH,OH),-H,SO,, NzH,-2HC1, and N,H,-H,SO,, photographed by the powder 
technique recently described by the author. The spectra of the chlorides 
reveal many interesting features relating te the vibrations of the hydroxyl- 
ammonium and hydrazinium ions, the most characteristic of which is per- 
haps the multiplicity and diffuseness of the N-H bands whose frequencies 
range roughly from 2500 to 3200 wave numbers. The N-H bands are 
considerably weakened and are very much more diffuse in the case of the 
sulphates. There is a probable structural similarity between the [H,N.OH]* 
ion and H,C-OH and [H,N-NH,]** and H,C-CH, although the spectra of the 
ions are very much more complicated than those of the corresponding organic 
molecules. From a comparison of the Raman spectra of tri- and pentavalent 
nitrogen deriva.ives, it is found that there is a definite lowering of the N-H 
frequencies in the compounds of the latter class. It is therefore concluded 
that when the covalency of nitrogen changes from three to four, there is 
a definite weakening of the N-H bond. 


[ Note added in proof :—Since this paper was sent to the Press, a paper of K. W. F. Kohl- 
rausch (Mon. f. Chem., 1936, 68, 349) containing a discussion of the Raman spectrum of 
hydrazine, H.N.NH, has come to the author’s notice. For pure hydrazine in the liquid 
state, Kohlrausch has found the Raman frequencies 876 (4b), 1108 (5b), 3181 (10b), 3263 (7b) 
and 3332 (7b). On the analogy with molecules such as H.C.CHs, H,C.NH,, H,C.OH, etc., 
Kohlrausch has concluded that the frequency 876 should correspond to the N-N vibration of 
the hydrazine molecule. According to him, this means that the N-N binding in hydrazine 
is weaker than the C-C, C-N and C—O bindings. The author’s work shows that such a result 
is highly improbable. ‘The N-N frequency observed for the crystalline salts of hydrazine 
as well as for their aqueous solutions (pentavalent nitrogen) is greater than 1000cm.~! ; the 
corresponding frequency might be expectedto be somewhat higher in the case of pure hydrazine 
(trivalent nitrogen), so that it would seem justifiable to identify 1108 as the N-N frequency 
in this case. This would mean that the N-N binding in hydrazine is not weaker than the 
C-C, C-N or C-O bindings. ] 


DISPERSION OF DEPOLARISATION OF LIGHT- 
SCATTERING IN COLLOIDS. 


Part I. Gold Sols. 
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Received January 25, 1937. 
(Communicated by Sir. C. V. Raman, Kt., P.R.S., N.1.) 


THE problem of the diffraction of light by spherical conducting particles 
was dealt with rigorously on the basis of the electromagnetic theory by 
G. Mie! in a well-known paper. He developed formule for the scattering 
and absorption of light by colloidal solutions under the assumption that 
the refractive index and the absorption coefficient of the colloidal particles 
possess the same values as those of the metal in bulk. In this theoretical 
paper the colour phenomena of metals in the colloidal state, especially of 
gold sols, have been beautifully explained by him. Accerding to this theory 
small gold particles give ruby red solutions whereas large ones give blue 
solutions. ‘This accords well with the experimental observations. Further, 
Mie’s theory indicates regarding the state of pclarisation of the scattered 
light that when the beam incident horizontally is unpolarised, the light 
scattered in the transverse horizontal direction by the particles in the 
colloidal state will be perfectly polarised with vibrations vertical if the size 
of the particles is the order of molecular dimensions, and will be imperfectly 
polarised only if the size is comparable with the wave-length of light. More- 
over, if the incident beam is polarised with vibrations vertical or horizontal, 
the light scattered transversely in the horizontal direction should be com- 
pletely polarised with its vibrations vertical or horizontal respectively. 
Steubing? has, however, shown experimentally that in gold sols the trans- 
versely scattered light is not completely polarised even when the incident 
light is plane pelarised. This fact of observation does not find an explana- 
tion in Mie’s theory. 


Introduction. 


1 G. Mie, Ann. der Phys.. 1908, 25, 377. 
2 Steubing, Ann. der Phys., 1908, 26, 329. 


94 


sm 
lat 
eit 
co 
sp 
to 
1s 
el 
SO 
of 
V 
i 


Dispersion of Depolarisation of Light-Scattering in Colloids—I 95 


_ R. Gans® has considered the problem of the scattering of light by very 
small ellipsoidal particles. In a theoretical paper he has extended the calcu- 
lations of the absorption and the scattering of light in gold scls by general- 
ising the shape of the particles into an ellipsoid of rotation, which may be 
either prolate or oblate, the size of the particles being assumed to be small 
compared with the wave-length of light. He has shown that as soon as the 
spherical shape is departed from appreciably, the curve of absorption moves 
towards the less refrangible end of the spectrum, whether the sphere 
is flattened or elongated. He has derived expressions for p, aud p, for 
ellipsoidal particles possessing rotation symmetry, where p, and p, are the 
so-called depolarisations or the measures of the imperfection of polarisation 
of the light scattered in the transverse horizontal direction when the incident 
beam is unpolarised and polarised with vibrations vertical respectively. The 
quantities p, and p, are connected by the following relation : 


(1) 


From the considerations of Gans, it follows that the light scattered by 
very small ellipsoidal particles in the transverse horizontal direction when 
the incident beam is polarised with vibrations horizontal should be unpolar- 
ised, 7.¢., p, is equal to unity. If the restriction regarding the size of the 
particles is not satisfied, the relation (1) is no longer valid. The author 
has already shown in an earlier paper both experimentally and theoretically 
that there is a more general relation connecting p,,, p, and p, which is valid 
also for particles of larger size, namely :— 


(2) 
Relation (2) reduces to (1) when p, = unity. The values of the three 
quantities both absolutely and relative to each other are a measure of the 
size, shape and structure of colloidal particles. D. S. Subbaramaiya® has 
measured the values of p,, p, and p, for a series of six gold sols using inci- 
dent white light. He has shown that iii the case of Zsigmondy’s blue sol, 
telation (2) but not relation (1) is satisiici, p, being as small as 54%. No 
definite conclusions can, however, be derived as regards the size and shape 
of the gold particles from a measurement of the depolarisation values, 
Pus Py and p, with incident white light alone ; for, the optical constants of 
gold, indeed also of any metal, depend very much on the wave-length of 


3 R, Gans, Ann. der Phys., 1912, 37, 883. 
* R. S. Krishnan, Proc. Ind. Acad. Sci., (A), 1935, 1, 782. 
5D. S. Subbaramaiya, Proc. Ind. Acad. Sci., (A), 1935, 2, 358. 
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light, and measurements of depolarisation made with white light are there- 
fore inadequate. 

In some unpublished investigations, Mr. D. S. Subbaramaiya used 
sunlight filtered through coloured glasses and found in gold sols a marked 
dependence of the degree of depolarisation on wave-length. T,ange® had 
earlier made a careful study of the depolarisation and light absorption of 
colloidal gold solutions over the wave-length range from 4250 A.U. to 
7000 A.U. He has measured the depolarisation factor p, but not the other 
two quantities p, and p,. From a measurement of p, alone, no definite 
conclusions can be arrived at regarding the size and shape of the particles, 
since p, and not p, is the indicator of the optical anisotropy of the particles. 
Considering the inadequateness of the experimental data even in the classi- 
cal case of gold sols, it was thought desirable to determine the dispersion 
of the depolarisation factors p,, p, and p,; of the light scattered by the gold 
sols corresponding to the three states of polarisation of the incident light, 
over a wide range of wave-length, say from 2500 A.U. to 7000 A.U. In 
order to make the investigation complete, the absorption of light by the 
same gold sols has also been measured. 

The study of the dispersion of depolarisation of light scattering in 
colloids is very important since it is connected not only with the size and 
shape of the particles, but also with other well-known phenomena, such as 
magnetic, electric and flow birefringence and their dispersion with wave- 
length exhibited by the colloidal solutions. 

2. Preparation of the Gold Sols. 

The gold sols were prepared by Mr. D. S. Subbaramaiya to whom the 
author’s thanks are due. The details of the preparation of the six gold 
sols are described by him in his paper.’ The sols I and II were nuclear 
sols containing particles of extremely small size. The sols III, IV and V 
were prepared by the addition of nuclear sol to chlorauric acid solution and 
reduction by hydrogen peroxide. ‘These sols were red in colour. ‘The sol 
VI was a blue sol prepared according to the method suggested by Zsigmondy. 
‘The sols were preserved in resistance glass bottles thoroughly cleaned and 
well steamed. ‘The sols were taken as optically infinitely dilute, for on further 
dilution the colour of the sols remained unchanged. 

3. Depolarisation Measurements. 

Measurements of depolarisation. were made separately for the ultra- 

violet and for the visible regions. For the ultra-violet region a point-light 
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quartz mercury arc lamp was used as the source of light, the scattered light 
being analysed through a Hilger quartz spectrograph. The experimental 
set up is shown in the accompanying Fig. 1. 


<= 


P =Point-light mercury arc. 

L, and L.2=Long focus quartz lens. 

Da.P. =Double-image prism. 

N =Nicol which transmits the ultra-violet region also. 
V =Quartz cell containing the sol under investigation. 


The details of the experiments have already been described in one of the 
eatlier papers of the author.* From a series of photographs taken the 
readings of the nicol corresponding to the equality of intensity of the two 
componeuts of the scattered light for the two wave-lengths, 2967 and 
3650 A.U. were read off and the depolarisation values were calculated 
therefrom. 


For the visible region, the method adopted was slightly different. The 
light from a 500 c.p. pointolite lamp was condensed on a square aperture 
(2 mm. square). The illuminated aperture was used as the source of light 


8 R. S. Krishnan, Proc. Ind. Acad. Sci., (A), 1936, 3, 566. 
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instead of the point-light mercury arc. The rest of the experimental 
arrangement was similar to that shown in Fig. 1. A Fuess glass spectrograph 
of large dispersion was used instead of the quartz spectrograph. The 
slit of the spectrograph was kept rather wide. ‘The orientation of the nicol 
was adjusted so that the two components of the scattered light as _ seen 
through the spectrograph were almost of equal intensity for a particular 
wave-length. One photograph was taken for this position of the nicol. In 
this manner, for each sol two photographs, one corresponding to incident 
light unpcolarised and the other corresponding to incident light polarised 
with vibrations vertical, were taken on the same plate along with an iron 
are spectrum. Ilford hypersensitive panchromatic plates were used through- 
out. A series of graded intensity marks was obtained on another plate by 
photographing the spectrum of a tungsten straight filament lamp with 
different slit widths, but keeping the time of exposure constant. With the 
aid of a Moll microphotometer the density log intensity curves were plotted 
for the following wave-lengths, 4000, 4500, 5000, 5500, 6000, 6500 and 
7000 A.U. All the negatives were microphotographed. The ratio of the 
intensities of the horizontal and the vertical components of the scattered 
light for each individual wave-length was calculated from the density log 
intensity curve. From a knowledge of this ratio and -ne corresponding 
orientation of the nicol the depolarisation for any pzacticular wave-length 
could be calculated. Thus the values of p, and p, were calculated. 


A correction arising from the finite angle of convergence of the incident 
beam had to be applied to the observed values of the depolarisation. The 
angle of convergence w was 1/7 of a radian. Consequently, the convergence 
correction for p, is w?/8 =0-25%. ‘The correction for p, is half of that 
for p,. ‘The corrected values of p, and p, are given in Tables I and IL. 
p, was calculated from the observed values of p, and p, using the relation 
(2). In a few cases owing to a small experimental error in the determina- 
tion of either p, or p, the calculated value of p, was found to be slightly 
greater than 100%. In such cases p, was put equal to 100%. 


Wav 


W. 


= 


Dispersion of Depolarisation of Light-Scattering in Colloids—I 99 
TABLE I. Dispersion of Depolarisation. 
Gold sol 1 Gold sol II Gold sol III 
« |e) Py | Px 
% % % % % % % % % 
2967 3°8 | 2-2) 100 4 2-1 100 3°4 1-6 86 
3650 4 | 2-2) 100 3°8 | 2 100 3-4 1-6 86 
4000 4°6 | 2-4 100 3 1-59 | 100 4°6 2-4] 100 
1500 46 | 25] 100} 3:9 |1-76| 4:75| 2-4] 98 
5000 6-2 100 4-5 | 2-2 92 7-2 3-9 | 100 
5500 | 100 | 12:3 | 6-4 100 | 18 10°6 | 100 
6000 14 | 38 | 100; 138 100 29-5 | 16 100 
6500 16 | 92 | 100 | 16-3 | 9 100 | 16 9 100 
7000 | sa 10-9 | 6 100 | 16 9 100 
TABLE II. Dispersion of Depolarisation. 
Gold sol IV | Gold sol V Gold sol VI 
% % % % % % % % % 

2967 3-1 |1°5 91 3 1-3 75 
3650 3-1 | 1-6 100 3 1-4 85 5:5 2-1 60 
4000 3-6 | 1:7 86 0-9 59 5-0 1-7} 50 
4500 3-2 | 1°75 | 100 2-5 100 52 
5000 3°83 | 2:2 100 6 3:2 | 100 5:2 1-9 65 
5500 14-3 7-85 | 100] 13 7 100 | 12-7 6 80 
6000 16-3 | 9 100 13 -6 7:8 | 100 17 8-4 84 
6500 16:5 | 9°3 100 | 14-6 8 100 | 18:8 | 10 94 
7000 16°8 | 9-7 100 | 15-3 8-2] 100; 22-7 | 12.7 97 
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The values of p, were plotted against wave-length. The curves are te. 
produced in Figs. 2 and 3. 
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4. Absorption Measurements. 


>. The absorption measurements were made witha Spekker ultra-violet 
photometer and a quartz spectrograph. ‘The source of ultra-violet radiation 
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was the condenser spark between two tungsten steel electrodes. To correct 
forthe reflections of the end plates of the tube containing the sol under 
examination, a similar tube was used in the second light path of the photo- 
meter, this tube being filled with pure double-distilled water. ‘The extinc- 


tion coefficient (tog r) | D was determined for a series of wave-lengths 


from 2500 A.U. to 7000 A.U. D is the thickness of the cell in centimetres. 
The values of the extinction coefficients are given in Table ITI. 


TABLE ITI. 
Extinction Coefficient of Gold Sols. 


Il 


A | I | = | III | IV | Vv | VI 
2250 0-75 | 0-67 0-9 0-575 0-575 | >3 
2500 0-7 0-55 0-9 0-575 0-575 | >3 
2750 0-65 0:5 0-8 0-53 0-49 >3 
3000 0 6 0-42 0-65 0-5 0-425 | >3 
3250 0-525 0°37 0-55 0-45 0°35 1:3 
3500 0-4 0-35 0-525 | 0-4 0-3 0-75 
3750 0-4 0-32 0-47 | 0-37 0-29 0-6 
4000 0-375 0-30 0-45 0-35 0-275 0-475 
4250 0-35 0-29 0-425 0-35 0-275 0-45 
4500 | 0-3 0-3 0-4 0-325 | 0-26 0-425 
5000 0-35 0-32 0-575 | 0-46 | 0-4 0-45 | 
5250 0-4 0-42 0-84 0-76 0-55 0-52 
5500 0-35 0-38 0-56 0-575 0-55 0-525 
6000 0-25 0-2 0-225 0-35 0-2 
6500 0-15 0-125 0-125 0-15 0-125 0-475 
: 7000 Q-1 0-1 0-09 0-09 0-062 0-45 
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The curves of absorption are plotted with extinction coefficient as ordinate 
and wave-length as abscisse. 
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5. Results. 


In all the sols studied it is found that p, is markedly a function of wave- 
length. In the case of sols IT and III after attaining a maximum in the 
region of the characteristic absorption, p, diminishes with further increase 
of wave-length. Inthe case of the last two sols the value of p, goes on 
diminishing at first and then it increases. p, follows the same course as 
p,. For the first three sols p, has its limiting value of 100% from A 2500 
to 7000 A.U. For the sols IV and V pz, is definitely less than 100% in the 
ultra-violet region. In the blue sol p, is less than 100% throughout, and 
increases or decreases with wave-length pari passu with p,. In the region 
of the characteristic absorption there is an increase of the optical anisotropy 
as is shown by the notable increase of p,. A comparative study of the values 
of p, for all the sols shows that sols I, II and III contain particles whose size 
is cf the order of molecular dimensions, while, in sol VI the size of the 
particle is comparable with the wave-length of light. The sols IV and V 
contain particles of intermediate sizes. The fact that p, has the same low 
value for almost all the sols at about 3000 A.U. indicates that the anisotropy 
of shape of the particles is small and is independent of the method of prepara- 
tion of the sol and also of the particle size, provided the latter is small 
compared with the wave-length of light. This is not surprising, for the sols 
III to VI are prepared using the nuclear sol I, and consequently it is natural 
to expect the general shape of the particles in the nuclear sol to be retained 
in the other sols also. ‘The small increase in the value of p, belew 4000 A.U. 
evinced by the sols V and VI is a size effect. 


As has been observed previously, the curves of absorption show a 
pronounced maximum in the green region, 7.e., at abeut 5250 A.U., for all 
the sols except for the blue sol. The actual value of the extinction coeffi- 
cient gces on increasing from sol I to sol IV, while, it goes on 
decreasing from sol IV to sel VI. It is found that the maximum of the 
absorption curve is shifted towards the longer wave-length side as one goes 
from sol I to sol VI. In all the sols studied the absorption increases again 
in the ultra-violet region. 


6. Theoretical Discussion. 


According to Gans’s theory, for a flattened rotation ellipsoid the maxi- 
mum of the depolarisation curve should lie in the green region, 7.¢., at 
about 5250 A.U., whereas for an elongated ellipsoid or a prolate spheroid 
the maximum is shifted towards the longer wave-length side. The latter 
corresponds to the experimentally observed data. Table IV gives the 
comparative values of the depolarisation p, calculated according to Gans’s 
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formula for very small particles of ellipsoidal shape. The values are 
taken from Tange’s paper.* The values of p, for an elongated rotation 
ellipsoid with axial ratio B/A = 0-7 have been obtained by interpolation, 


TABLE IV. 
Values of p,, (calculated). 


| 


Elongated rotation ellipsoid | Sphere | Flattened rotation ellipsoid 
| 
| | | | | 
B/A 0-00 0-57 0-70 | 0-82 | 1-00 1-28 2-63 | 6-25 os 
VinA.u.| % % | % | % | % % | % | % | % 
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Comparing the theoretical values of the depolarisation p, witn the exneri- 
mental values, it is seen that the particles in the gold sol are more like 
elongated rotation ellipsoids with the axes ratio B/A =0-7. In the case 
of the scls IV, V and VI the observed value of p, goes on increasing 
continuously with wave-length. This may be due to the finite size of the 


particles. The theory of Gans is only true for particles of extremely small 
size. 


It is not difficult to explain the observed values of the extinction coeffi- 
cient provided it is assumed that the particles are prolate ellipsoids and that 
the deviation from spherical shape is small. The following table gives the 
absorption constant k « 10°% for different wave-lengths caclulated according 
to Gans, fer very small particles of ellipsoidal shape. is defined given 
by the equation I == I, e-4*, where x is the thickness of the layer in milli- 
metres. For a sol containing one millimetre cube of gold by volume per 
litre of the sol, c is equal to 10-*. The values are taken from Gans’s paper. 


9 B. Lange, Loe. cit. 
10 R,. Gans, Loc. cit. 
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The values of k given in the table below for an elongated rotation ellipsoid 
with the axes ratio B/A = 0-7 are obtained by interpolation. A compara- 
tive study of the Tables III and V shows at once that although the experi- 
mentally determined absorption curves are similar to the theoretical curves 
calculated according te Mie’s theory for spherical particles, there is better 
agreement between the observed curves and the curves calculated according 
to the thecry of Gans for elongated rotation ellipsoidal particles having an 
axial ratio equal to 0-75, From the above discussion it can be said with 
certainty that the particles in the gold sols studied are not spherical in shape 
but behave as clongated ellipsoids with the axial ratio B/A of the order of 
magnitude stated. 
TABLE V. 

Absorption Coefficient. 


Elongated rotation ellipsoid Sphere Flattened rotation ellipsoid 


B/A 
Ain A. U. 


| 
0-00 0-57 0-70 0°77 1-00 1-61 2-63 45 | © 


41-8 42-4 48-3 


44-9 


38°8 


39-1 45°7 | 43-3 


57°3 62-2 60-0 | 29-5 


68-6 


82-7 


75°8 


22-2 


83-0 | 89-0 
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7. Other Experimental Evidence. 


The double refraction in gold sols produced by mechanical flow has been 
investigated by Bjornstahl’! and S. Berkman, J. Boehm and H. Zocher.!2 
According to them all the gold sols except the sol prepared by Zsigmondy’s 
formaline method show a negative streaming double refraction indicating 
thereby that the particles are not spherical in shape, but are elongated. 
The influence of the wave-length is very pronounced; the effect can be 
scarcely observed in the violet region whereas it is great in the red region. 


11 Y, Bjornstahl, Inaugural Dissertation, Upsala, 1924. 
12'S, Berkman, J. Boehm and H. Zocher, Zciis. f. Phys. Chemie, 1926, 124, 
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This type of dispersion of flow birefringence is generally anomalous. But 
in the light of the present investigation it finds an easy explanation, 
Depolarisation measurements indicate that the optical anisotropy is much 
greater in the red region than in the violet region. Since the intensity of 
scattering is also great in this region of the spectrum, the refraction should 
necessarily increase with wave-length. In consequence of this the double 
refraction produced by mechanical flow should also exhibit a similar dis- 
persion. This is actually the case. From a knowledge of the dispersion 
of refractive index of the colloidal solution and the anisotrepy of shape 
calculated from the depolarisation measurements, it should be possible to 
calculate the magnitude of the streaming double refraction in these colloidal 
solutions and also its dispersion with wave-length. 

Gold sols should not exhibit any appreciable magnetic double refrac- 
tion since gold is diamagnetically isctropic, and since X-ray analysis dis- 
closes that the particles in the colloiaal state exhibit a crystal structure 
similar to that of gold in mass. ‘This is in accordance with recent observa- 
tions with gold sols which fail to exhibit magnetic double refraction made 
by Mr. P. Nilakantan*® in this laboratory. It is difficult to understand 
how Bjornstahl'* observed a considerable magnetic double refraction in 
gold sols prepared by the nuclear method using hydrogen peroxide as the 
reducing agent. Assuming for the present that the observed magnetic 
anisotropy in his experiments was due to the presence of a small trace of 
some impurity (say iron), the large dispersion of magnetic double refraction 
observed by him finds an easy explanation on the same lines as indicated 
in the previous paragraph. 


8. Summary. 


The earlier investigations (theoretical as well as experimental) on the 
light scattering and ahsorption of gold sols have been briefiy reviewed. It 
is pointed out that in order to determine the size and shape of colloidal 
particles, it is important to make comparative studies of the dispersion of 
depolarisation of the transversely scattered light with the incident light 
in three different states of polarisation, namely, unpolarised, vertically 
polarised and horizontally polarised. Measurements of the depolarisation 
factors p,, and p, and the extinction coefficient of a series of six gold sols 
are made for different wave-lengths from 2500 A.U. te 7000 A.U. The 
value of p,is calculated from the observed values of p, and p, using the 
reciprocity relation. In the region of the characteristic absorption the 


13 P, Nilakantan, Unpublished work. 
14 Bjornstahl, Loc. cit. 
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depolarisation factors show an enormcus increase. ‘The optical anisotropy 
of the gold particles in the colloidal state is rather low in the shorter wave- 
length region, whereas it assumes rather high values in the green region 
where the absorption is maximum. The observed values of the extinction 
coefficient and the depolarisation factor p, are compared with the values 
calculated according to Gans’s theory. From both of these considerations, 
it is inferred that the particles in the gold sols behave optically like elongated 
ellipsoids with the axial ratio equal to about 0-75. The values of p, indicate 
that the size of the particles in the nuclear sols is small compared with the 
wave-length of light, while the blue sol contains particles of size comparable 
with the wave-length of light. The negative streaming double refraction 
and its dispersion with wave-length observed by the earlier investigators are 
explained on the basis of the elongated ellipsoidal shape of the particles and 
the dispersion of their optical anisotropy. 


In conclusion the author takes this opportunity to thank Prof. Sir 


C. V. Raman for his keen interest and helpful criticism during the progress 
of this investigation. 
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